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ABSTRACT. We investigate Cauchy problems for complex differential
equations of the form Bu = Lu, where B is a Bessel differential operator
in the “time variable”, and L a linear differential operator in the “space
variables”, possibly also involving Bessel operators. We establish condi-
tions for existence and uniqueness of polynomial solutions whenever the
Cauchy data is polynomial, and we give explicit formulas for these solu-
tions. When the Cauchy data consists of monomials, these polynomial
solutions are analogous to the heat polynomials for the heat equation.

1. INTRODUCTION

A Bessel operator has the form
l

b O
B=2 wion

where the coefficients {b;} are complex constants. The “time variable” ¢t may
be either a real or complex variable, with the derivative /0t correspondingly
either an ordinary derivative or a complex derivative. We seek polynomial
solutions of Cauchy problems of the form

(1.1) Bu(z,t) = Lu(x,t)
0 (x,0 .
(12) 8(t2) = 044 (:C) ) 0<i</? )
where k € Z, 0 < k < {, and ¢ is a polynomial in x = (x1,---,2,). The

“space variables” {z;} likewise may be real or complex, and the linear op-
erator £ may involve Bessel operators with respect to these variables. Of
particular interest is the case g (z) = 2%, when polynomial solutions of the
problem can be regarded as analogues of the classical heat polynomials. (The
designations “time variable” and “space variables” are somewhat arbitrary,
as there is no requirement that the variables have these physical interpreta-
tions. However, in many applications such is the case.)
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The heat polynomials {pg} are polynomial solutions of Cauchy problems
for the heat equation,

0
(1.3) En pg (z,t) = Apg (x,t) , pg (x,0) = 28 ,

where A is the Laplace operator in n space dimensions, § is a multi-index
in R”, and

P = mlﬁlmgﬁQ o xnﬁn

These polynomials appear in early work of Appell [1], and were later studied
in detail by Rosenbloom and Widder [26, 28, 29, 30]. They are of interest be-
cause there are explicit formulas for them, and they are helpful in analyzing
the more general Cauchy problem

(1.4) 8875 u(z,t) = Au(z,t) , u(z,0) = f(x)

Indeed, if f can be suitably approximated by polynomials, then under cer-
tain conditions a solution u of (1.4) can be approximated by linear combi-
nations of heat polynomials. Various authors have produced analogues of
the heat polynomials for more general partial differential equations. We cite
several examples in this paper, and refer the reader to [15, 16, 17, 18] for
further references.

In Section 2 of this paper we discuss the factorization of Bessel operators.
In Section 3 we determine conditions for existence and uniqueness of poly-
nomial solutions of problem (1.1) — (1.2), and produce explicit formulas for
these solutions; these results are quite general in nature. In Section 4 we
specialize to ¢ (z) = 2 and to space operators of the form

Lu = Z aq 0%

In this case a generating function can be displayed for the polynomial solu-
tions, which we describe in Sections 5 and 6. In Section 7 we specify that £
be a Bessel operator in one space variable. Then certain restrictions must
be placed on the Cauchy data g (z) and 2 in order to guarantee polynomial
solutions. The theory in this case can be specialized to produce results of
several authors, as we point out. Finally, in Section 8 we extend the analysis
of Section 7 to the most general version of (1.1), allowing £ to involve Bessel
operators in all n space variables z1,...,Zy.

Good sources of examples and references regarding polynomial solutions
of equations involving Bessel operators are the papers of Bragg and Dettman
[2, 3, 5, 6].

There is an interesting body of work on the problem of determining all
polynomial solutions of systems of partial differential equations with con-
stant coeflicients, as well as the dimensions of solution spaces of polynomials
of specified degree. For important papers and further bibliographical refer-
ences, see [19, 20, 21, 23, 24, 25, 27].
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2. FACTORING BESSEL OPERATORS

We let B denote the ¢-th order Bessel operator (¢ > 1),

O bpg 0L by 02 by 0 bo
2.1 B=— .
2.1) T BT o BT T
The coefficients {b; : i = 0,1,--- , ¢} are complex constants with bg = 1. The

auxiliary polynomial B associated with B, defined on complex numbers z €
C, is
l

4
(22) B(z)=bo+ Y biz(z—1)(z=2)-(z—i+1)=][[z+0m) ,
i=1 =1

where the complex numbers {—¢v;} are the roots of B, repeated according
to multiplicity. We point out that the collection {b;} is an ordered collection,
as changing the numbering of these quantities will likely change the operator
B and polynomial B. On the other hand, the collection {v; : 1 =1,2,...,¢}
is unordered, as changing the numbering of these quantities does not affect
the validity of (2.2). We will find that indeed all algebraic expressions in
this paper will be symmetric with respect to the v;’s; that is, changing the
numbering of the v;’s will not affect the value of any of these expressions.
Consequently, in any such expression the choice of a numbering for the v;’s
is irrelevant.
Observe that (2.2) implies also the formula

bo+2b < ><§t 1>-~-<t§t—i+1> ::1 <t§t+€w>,

2

while an easy induction proof shows that

ON( 2 ) (12 Z9) o (12 iy =D
9 ) U ot o ot

consequently we may write B in the factored form

147 /.0
(2.3) B= ];[1 (tat + m)

In particular, for any integer j,

l
(2.4) B)=t/""T[ (G +tv) =B @)t/

i=1

It is clear that, given an ordered collection {b;}, equation (2.2) determines
uniquely the unordered collection {v;}. We now demonstrate how (2.2) may
be used also to determine uniquely {b;} from {v;}. Since each side of (2.2) is
a polynomial of degree ¢, this equation will be valid provided the two sides
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agree at £ 4+ 1 distinct values of z. We temporarily denote

l
p() =[G+
=1

and take successively z = 0,1,2,--- , £ in (2.2) to obtain the £+ 1 equations
i

(2.5) Z(i_i!k)'bk:p(i) ., 0<i</
k=0 )

A straightforward induction argument shows that (2.5) is equivalent to

I I (A TR B
" k=0

(Alternatively, it can be checked that the coefficient matrices of the linear
systems (2.5) and (2.6) are inverses of one another.) Therefore,

) . ¢
(2.7) by = %Z (=) <;> [Me+e) , o0<i<s
k=0 j=1
Hence, (2.2) describes a one-to-one correspondence between ordered collec-
tions {b; : 0 < i < ¢}, with by = 1, and unordered collections {v; : 1 < i < £}.
Formula (2.7) allows the recovery of the b;’s from the v;’s.
Given a vector w = (wy,ws, -+ ,wy) and scalar ¢, we define the sum

(2.8) w+c=(w+c,we+c -, wp+c)

We set v = (v1,v9,- -+ ,vg). Welet {S;:i=0,1,2,---,¢} denote the stan-
dard homogeneous symmetric polynomials in ¢ variables, defined for z =
(21, ,2z¢) according to

So(z):1 , Sl(z):Z1+ZQ+"'+Zg ,
and for i > 2,

Si (Z) = Z 2k Rko * Ry

k1<ko<---<k;
Then, for any complex constant ¢ and z € CY,

0
(2.9) [T(c+2)= Zc‘ 785 (
j=1

In (2.7) we write k 4+ lv; = (K + 1) + (fv; — 1) and use (2.9) to obtain

i y4
bi:%Z(— (;)Z (k+ 1) 8, (v — 1)

j=0

:Z'ZS (v —1) ZO( 1) <li>(k+1)H
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It is known (see [7], Formula 0.154 - 6) that

Z(—1)"—’“<;>(k+1)m=0 ,  0<m<i , mieN
k=0

Thus the sum over j for b; may stop at £ — i, yielding

)

l—i .
(2.10) by = % S St —1)) (1) " (;) (k+1)7
T j=0 0

k=
This representation demonstrates that b; is a polynomial of degree at most
¢ — i with respect to v = (11,12, ,14), and is symmetric with respect to
these variables.
3. POLYNOMIAL SOLUTIONS OF CAUCHY PROBLEMS
We consider the partial differential equation
(3.1) Bu(z,t) = Lu(z,t)

where B is the Bessel operator (2.1), and £ an operator

(3.2) L= a0y

The complex valued function u depends on (x,t) = (x1,...,2n,t) (n > 1).
The coefficients {a,} are complex constants, and the derivative 0 is

Hlel
(3.3) o0y

N 0191 90x9%2 ... 0z,

The summation (3.2) is taken over a finite collection of multi-indices « in
R"™, and we assume that no « is the zero multi-index; that is, the sum is a
finite one and £ has no zero order term. We allow either t € Ror ¢t € C, and
accordingly regard 0/0t either as an ordinary real derivative or a complex
derivative. Likewise, we allow either x € R" or x € C", with (3.3) either
ordinary differentiation in R™ or complex differentiation in C". Given a
complex valued polynomial ¢ = ¢ (x), and integer k, 0 < k < ¢, we seek a
polynomial solution u of (3.1), satisfying as well the Cauchy condition

Ou(@,0) [ 0, 0<i<l,i#k,

Any polynomial v in z and ¢ can be written in the form

u(z,t) = ij (a:)tj ,
=0

(3.4)

where each p; is a polynomial in x, and only a finite number of {p;} are
nonzero. The initial condition (3.4) requires further that

@5 m@ =1 =0 0<i<io1 4k
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so that
a— ,
(3.6) u(z,t) =q(x) ] + ij (z)t)
=t

We substitute (3.6) into (3.1), while using (2.4), and obtain

BT @ B0+ 3 @ BG I = Lale) L+ Y L @)
j=0 Jj=t

Equating coefficients of like powers of ¢ in (3.7) leads to the requirements

(3.8) q(z)B(k)=0 ,

(39) pek (0) BU+K) = 11 La(e) = L (2)

(3.10) p@)BG) =0 , (<j<2A—1 , jAk+( |

(3.11) pj (@) B(j) =Lpj—¢(z) , j=2

To comply with (3.8) we stipulate that B (k) = 0 (necessarily, except in
the single case ¢ = 0). If we decree further that

(3.12) B(j)#0 , j=40 041,042, ...

then equations (3.9) — (3.11) have unique solutions {p; : j > £}, described
by the recursive formulas

(3.13) pA(x)_{ﬁpj_g(:L‘)/B(j), j=k+0k+20k+30, ...,
) ;i (z) =

0, otherwise ,
where py is prescribed by (3.5). On the other hand, if we want only the
existence of solutions, it is sufficient to require only that
(3.14) B(k+3j0)#0 , j=1,23,... ;

then (3.13) still defines a solution of (3.9) — (3.11), although there may be
other solutions as well. As the quantities {—¢1;} are the roots of B, (3.14)
may be stated alternatively as

k+4+£0j+Llv; #0 , 1=1,2,...,0 , 7=1,2,3,...
An equivalent statement is that none of the quantities
{vi+k/l:i=1,2,...,0}

are negative integers. Beginning with the left formula of (3.5), under as-
sumption (3.14) we may iterate the top equation of (3.13) to deduce that
1 Lmq(z)

3.15 - R . m=1,2,3,...
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Then our function u of (3.6) becomes

tmf-i-k‘

EFLANES S 1C)
(3.16) u(z,t) = q( )k!JFk!mZ::lH;”lB(k—ij)

Since the operator £ has no zero order term, and ¢ is a polynomial, we have
L"q(x) = 0 for m sufficiently large. Hence the sum in (3.16) terminates
after a finite number of terms, and u is a polynomial in = and ¢.

We introduce some notation to manipulate the solution (3.16). For com-
plex numbers z we employ the usual notation

=T (z+1) |,

where I' is the gamma function. Then z! is meromorphic with poles only at
the negative integers, and satisfies the functional equation

(3.17) 2=z(z-1)(z=2)...(z—i+1)(z—1)!
whenever z — ¢ is not a negative integer. For a complex /¢-tuple v =
(v1,v9,...,1vp) and for ¢ € C we denote

vi=ul ! oy , v+e:=+cratec,...,vp+c)

Then, in view of (2.2), and since no value v; + k/{ is a negative integer, we
may write (3.15) as

1 L™q ()

RUTTI Tl (ke + €5 + €vy)
_ 1 L™"q (z)
Tk
1

Pme+k (CL’)

O T I (5 + K /0)
1 LMq ()
Rt T (v 4+ mA kO (i + K0!
1 (v+Ek/0IL™ (x)
TR (v +m A+ k)]
By (3.5), this formula holds also for m = 0; thus we may write (3.16) also
as

UL k/0) 00 My () gtk

We summarize the discussion of this section with a formal statement :

Theorem 1. Let B be the Bessel operator (2.1), with auxiliary polynomial
(2.2), and let L be the operator (3.2) with no zero order term. Let k be an
integer, 0 < k < £, and suppose that

(3.19) B(k)=0 , B(k+j0)£0 , j=1,2.3,...
Let g = q(x) be a polynomial. Then the Cauchy problem
(3.20) Bu(z,t) = Lu(x,t)
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(3.21) ‘W:{qo L0<i<l | itk

ott ($) ’ i =k s

has a polynomial solution prescribed explicitly by (3.16) and (3.18). If more-
over

(3.22) B(G)#0 , j=46L0+1, 042, ... |
then there is only one polynomial solution of the problem.

Remark 1. It should be pointed out that the particular structure (3.2) of the
operator L has not entered into the discussion. To obtain Theorem 1 and
representations (3.16), (3.18), we used only linearity of L, along with the
fact that each L™q is a polynomial, vanishing identically for m sufficiently
large.

Remark 2. If in (3.16) we designate functions

q(z)t*
A

tém+k

i, (1) = —— (z)

TR, Bk + 40) (mz1)

ug (x,t) =

then we can write this formula as
(3.23) w(z,t) = L™ [um (2,1)]
m=0

Moreover, with use of (3.19) and (2.4) we can verify that the sequence of
functions {u,} has the properties

|0 ,if m =0,
B (2,1) _{ Um—1 (z,t) , if m > 1.

In the terminology of Karachik [19, 21], the sequence {u,,} is “O-normalized
with respect to the operator B”. Karachik showed that, for a large class of
constant coefficient partial differential equations of the form

Bu—Lu=0 |,

polynomial solutions can be written in the form (3.23), where the sequence
{um} is 0-normalized with repect to the operator B. Representation (3.16)
is but one example of this general formulation.

Remark 3. It appears an open question as to what operators B, if any, be-
sides Bessel operators one can expect polynomial solutions to Cauchy prob-
lems (3.20) — (3.21) with polynomial q.

Obviously, for general Bessel operators B the conditions (3.19) need not
hold, in which case Theorem 1 will not apply. For any particular operator
the conditions might hold for one or more values of k£, but not for others.
We point out two special cases of interest.
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Example 1. Suppose the operator B has no zero order term, so that by = 0
in (2.2). Then B(0) =0, and (3.19) will be satisfied with k = 0 provided
only that no root of B is a positive integral multiple of £. In this event the
Cauchy problem

Bu (z,t) = Lu(xz,t)

8lu(l‘,0) - Q(‘r) ) 1=20 5
ot 0 ,1<i<? |

with q a polynomial, has a polynomial solution

tmf tmé
u (e, +ZH W wam
Example 2. Consider the very special Bessel operator
86
B=—
ott

with corresponding auxiliary polynomial

B(z)=z(z-1)(z—-2)---(z—4+1)

Then B(0) = B(1l) = --- = B({—1) = 0, and Theorem 1 applies for
k=0,1,...,¢ — 1. The theorem ensures that for each such k the problem
0'u (z,t)
ol Lu(z,t)

with initial condition (3.21), has only one polynomial solution. Into the
representation (3.16) we substitute

to obtain the simplified formula

& qu (l‘) tm€+k
u(@,t) = Z_:O (k + mo)!

4. ANALOGUES OF HEAT POLYNOMIALS

We continue to assume the hypotheses of Theorem 1 (but not necessarily
(3.22)), and consider the problem

(4.1) Bpg (z,t) = Lpg (z,t)
Opp(x,0) [0 ,0<i<t , ik,
(4.2) ot I i=k.
According to Theorem 1, there exists the polynomial solution
(I/ + k‘/f Em ($B) thJrk
4.3 t) =
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We introduce some notation in order to write (4.3) in terms of the roots
{—Vlv;} of the auxiliary polynomial B of B. Let I denote the number of
indices in the summation (3.2) corresponding to nonzero a,, so that we may

label these indices as o, o2, ..., !, and the corresponding coefficients {a }
as ai, az, ..., a;. Then £ can be written alternatively as

! k
(4.4) L= ay oS

k=1
We recall the general multinomial formula
m!

(4.5) (14 cat - +e)™ Z e
where ¢ = (c1,¢9,...,¢1), 0 = (01,092,..., 01), and the summation is over all

multi-indices ¢ in R!. We define a “vector of multi-indices” @, and vector
of coefficients a, according to

(46) a:(glaagf" 7aI) s a:(a1>a2>"' ,(I[) ’
and introduce a “dot product”
a-0=oca" +090%+--+o7a!
With this notation, we may write
m m) ~
47 Lm= (ala;“ Fasd® 4 afagf) =y Bamape
lo|=m

so that (4.3) becomes

—|—kj/£ itk a® 9%c
Ps.k (1:7t) V Z gmé V—l—’l’)’L—Fk’/ﬁ l Z 838 <$B>

_ (W k/0)! thttel IJI! o oo (8
T za:ﬂlﬂl(y+|a|—|—k/£)!a!a % (“””) ’

with the summation over all multi-indices o in R’. Using the formula

(4.8) 9 (xﬂ) _ { l‘ﬁ_w!/o(ﬂ - L ify <8,

, otherwise,

where v < § means v < Ok for each k, we may finally write our polynomial
solution of problem (4.1) — (4.2) as
(4.9)

B (v + k) |o|! a® 2B—Gc h+io]
pok (T:) = kR Z o ¢l
ao<p

(v+lo|+k/0O! (B—a-o)!

with the summation over all multi-indices o in R? such that @-0 < 3. (Since
(3.2) has no zero order term, & - o < (3 is possible for only a finite number
of multi-indices o.)
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For v a multi-index in R™, we apply the operator d; to both sides of (4.3)
and obtain

(v + k01 S L™ (07ah) gmith

| 4 |
k! L= (v +m o+ kL)
In view of (4.8) this equation leads to
B! :
(410) agpﬁ . (l‘, t) _ (ﬁ_»y)]pﬁf’y,k (xv t) ) if v < ﬁv
’ 0 , otherwise.
Example 3. Consider again the special case considered in Fxample 2,
84
B=—
ott 7

when the roots {—vl} of the auziliary polynomial are {0,1,...,0 —1}. We
may take

V:{07_1/£7_2/£7 7_(6_1)/5}
A calculation gives the simplification
(v+k/L)! B k!

ol (v + o] + K/ (k+Lla])!
consequently, (4.9) simplifes to

ek (z,t) = B! Z

a- o<

|O'|' q® pP—ao tk+€|a|
ol (B—a-0) (k+{]|o])!

This formula was derived in the paper [18] of the present authors. The case
¢ =1 is discussed in some detail in the authors’ papers [15, 16, 17], where
pointwise bounds are established on the polynomials, and series expansions
in the polynomials are investigated.

Example 4. Next consider the equation

O%u (x,t)  2b+10u(x,t) " 0%u (z,t)
4.11 : L —eA = Z o\
(4.11) a2 Ty ot shu(wt) =e ; ozr2

where bye € C and € # 0. When € = 1 the equation is the “Euler-Poisson-
Darboux” equation, and when € = —1 it is the “Beltrami equation”. On the
left we have a Bessel operator of order £ = 2, with by = 0 and auxiliary
polynomial

B(z)=2z(z+2b) ,
and hence with v = (0,b). On the right is an operator L, for which the
vectors @ and a of (4.6) become the n-vectors

a = (2e1,2e,...,2¢e,) ) a=(g,....e)

where e; is the i-th unit multi-index in R™. We assume that b is not a
negative integer, so that (3.19) holds with k = 0. Then, for any multi-index
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B in R™, there is a polynomial solution pg of (4.11) satisfying also the initial
condition
3 0

bp (:U,O):l‘ ) &pﬁ ($a0) =0
Observing that, for o any multi-index in R™,

Q-0 =201e1 +209ex + -+ 206, =20
we may write the solution (4.9) (with k =0) as

glol pB—20 42|o|

= B!
ps(@,t) =8 20%40 o (bt o)) (B—20)

where the sum is over all multi-indices o in R™ such that 20 < (3. For the
cases € = 1 and e = —1 these polynomials were first discussed by E. P. Miles
and E. Williams [22], and later in more detail by Bragg and Dettman [3, 5].

5. THE FuNcTION E

Representations (3.16) and (3.18) motivate the introduction of a function
E as the formal sum
tm€+k7_m

(5.1) E(t,mv,k) = k'ZH B (k+ jt)
B (1/ + k‘/ﬁ btk om
(5.2) - Z ]

We view t and 7 (7 € Z) as varlables of this function, and v and k as
parameters. Then both (3.16) and (3.18) can be written symbolically with
the brief notation

(5.3) u(z,t) = E(t Liv,k)q(z)
We discuss properties of the function . As in Section 3, we assume that
B(k)=0 , B(k+j0)#0 , j=1,2,3,...

Equivalently, in terms of the roots {—fv; : i =1,2,...,¢} of B, we assume
v; = —k/{ for some i, and that no value v; + k//¢ is a negative integer. It
follows that in (5.2) the factorials

¢
(v+m+ k0 =]] (i +m+k/0)!
i=1
are indeed defined. With use of the ratio test it is easily deduced that the
power series (5.2) converges uniformly for ¢ and 7 on compact subsets of C,
representing a C'™ function with respect to the variables ¢t and 7, and that
termwise differentiation of all orders with respect to ¢ and/or 7 is valid.
Termwise differentiation of version (5.1) of E confirms that

IE0,7;v,k) B { 1 ,ifi=k,

(5-4) o 0 Lifithk 0<i<C
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Applying the operator B to (5.1) gives, with use of of (2.4) and B (k) = 0,

k— f ml+k—~{ Tm
BE (t,7:v, k) = B(k‘ )t B(k+mt)t
k! k' H] 1 B(k+ j0)
1 B(k [ tk k‘ g tm€+k —L Fm
=0+ Dt T Z i
K T2y B (k + j6) T [T} B (k + j0)
tk 1 oo tmf-‘rk‘,rm-‘rl
=T 7+ m . )
k' k! — Hj:1 B (k + j¢)
and hence
(5.5) BE (t,T;v,k) = TE (t,T;v,k)

6. GENERATING FUNCTIONS

The polynomials {ps 1} of Section 4 can be obtained also through a gen-
erating function. As in Section 5 we continue to presume the conditions

B(k)zo Y B(k—I_jg)#O J j:1?2737"' Y

where k is a fixed integer, 0 < k < ¢, thereby ensuring the existence of the
function E of (5.1) — (5.2). We associate with the operator £ of (3.2) a
polynomial

I .
Q) =Y aay®=> ay™
a =1

where y = (y1,...,yn) is a vector in the same space (R" or C") as x. Finally
we define
(6.1) Gi (2,t,y) ="V E(,Q (y) ;v k)

where x -y = x171 + - - - + ,Tn is the usual dot product, 7 = (71, - ,Un),
and

2Ty
~!

(6.2) erT = gt 3
.

with the sum over all multi-indices v in R"™.
Application of (4.5) gives

I m
i m)! 1 2 n\ 7
= (Z aiya ) = Z 0— (aly agya geeny anyo‘ )
i1 !

lo|=m

:Z?ay ,

lo|=m



14 G. N. HILE AND ALEXANDER STANOYEVITCH

where the last sum is over all multi-indices o in RY. With these formulas
and (5.2) we may write

oLy (v +k/0)! > tmekEQ (y)™

G t,y) =
k@ ty) k! — 77 (v m o+ k/D)]
_ 1/—|—k/£ fﬂ?ﬂ tmf—i—k m! a’ a-o
= ;mZOZ N T m k) ol Y

. V—Fk/f thtlole |0-" o, yt+ao
= ZZW.W W+ o]+ &/ ot “ Y

Straightforward application of the ratio test confirms that this last double
series converges absolutely and uniformly for values of x, y and ¢ in compact
sets. The same statement is valid for all derivatives, mixed or unmixed, of
the series with respect to the variables z, y, and t. It follows that Gy is
an analytic function of the variables (z,y,t), the series can be differenti-
ated termwise with respect to any combinations of the variables as often as
desired, and the series and all differentiated series may be summed in any
order. In particular, we may interchange orders of summation, first sum-
ming outside over powers y°, as 3 = v + @ - o ranges over all multi-indices
in R", getting

a x’ytk+|0"€

V—I—k‘/ﬁ lo|!
t =
Gk ('7;7 ay) Z +§ 5 o! fﬂ‘ﬂ’y I/ + |O‘| + k‘/ﬁ)

’O’|‘ a xﬁ—a~a'tk+|a'|f

B V—l—k/ﬁ
= Z Z ol ol (B—a-o) (v+ |o| +k/0)!

Comparing the last equation with (4.9), we find that

5
(6.3) k(z,ty) = Zpﬁk (z,t)

From (6.1), (5.5), (3.2) and (6.2) it follows that
and from (6.1) and (5.4) that

O'G(z,0,y) [ e*¥ |ifi=k,
o 10 Lititk 0<i<?.

Then (6.3) and (6.4) yield

(6.5)

y?
ZBpgkxt Z,Cpgk xt ﬁ s
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and hence another proof of (4.1). Also, (6.3) implies

ot 5 ot gl
and then (6.5) and (6.2) (with 7 replaced by ) produce another proof of
(4.2). Consequently, the power series representation (6.3) could be used as
a definition of the polynomials {ps}.

7. BESSEL SPACE OPERATOR

As explained in Remark 1, Theorem 1 can be applied to other operators
besides (3.2). We consider the special case when x is a scalar variable (either
real or complex), and (3.2) is replaced with the s-th order Bessel operator
(s> 1)

(7.1) c=Y 2 o
=0

ts—z' 8$2

We assume ¢, # 0, but not necessarily that ¢, = 1. The auxiliary polynomial
for C is

s

(72) C(2) =co+ > ciz(z=1)(2=2) - (z—i+ 1) =c [ [ (z+sp)

i=1 i=1

with roots {—spu; : 1 <i < s}, repeated according to multiplicity. The op-
erator C factors into

s

Cs 0
C—tSH<tat+suz> )

i=1

and for any integer j,

(7.3) C(a!) = o’ [T G+ i) = € (7) 27
i=1

Let B again be the Bessel operator (2.1). We seek a polynomial solution
of the Cauchy problem

(7.4) Bu(z,t) = Cu(z,t)

Ou(z,0) [ 0 ,0<i<l , i#k,
(75) ati _{1'6 ,i:k,

where [ is a nonnegative integer. We assume again condition (3.19) of
Theorem 1. Then formulas (3.16) and (3.18), with £ replaced by C and
q(x) by 2, give potential solutions of problem (7.4) — (7.5). However, in
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view of Remark 1, we must be certain that each C™ (IL‘ﬁ) is a polynomial,
and that C™ (a:ﬁ ) = 0 for m sufficiently large. By iteration of (7.3),

m—1
(7.6) cm <xﬂ> = ghms H C(B—-js) , m>1
=0

The expression on the right will eventually vanish if C' (3 —mgs) = 0 for
some nonnegative integer mg. In this event the sums on the right of (3.16)
and (3.18) terminate at m = mg. In view of (7.6), to ensure that C™ ()
is a polynomial we require that 5 —mgs > 0, or mg < f3/s.

For complex numbers z and w we use the notation

(o) = e

whenever the three factorials on the right are defined. For complex n-vectors
u and v we write

<u> B u! B [T, ! — ﬁ <ul>
v ol uw—v)! JLoy vl TIZ (ui — i)t =1 \Vi ’

again when all the required factorials are defined. For nonnegative integers
m and for z € C we define

[Zo=1 , [n=2GE-1)(E-2)-(-m+1) (mn=1)
For n-vectors we prescribe
i=1
We have verified most of the following :
Theorem 2. Let B be the Bessel operator (2.1), with auxiliary polynomial

(2.2), and let C be the Bessel operator (7.1), with auziliary polynomial (7.2).
Let k be an integer, 0 < k < £, and suppose that

(7.7) B(k)=0 ) B(k+j0)£0 , j=1,23,...
Let 3 be a nonnegative integer such that, for some integer mg,

(7.8) 0<mg<pB/s , C(B—mps)=0



BESSEL OPERATORS 17

Then the Cauchy problem (7.4) — (7.5) has a polynomial solution v = pg,
with the explicit representations

tk m xﬁ) tmé-‘rk
= ﬁ
(79 pak(z,t) =2 ZH B0

y+k:/£ Z": cm () gtk

o 07 (v +m + k/0)!

(7.11) _ V+k/€ i [+ B/3),, c;msmagh—msgmeth
=0 0 (v +m + k/0)!

If

(7.12) JEL, §>0= C(B—mps+js)#0 ,

then these formulas may be written as

(7.13) pgi(z,t)

_ (V+k/€) (M"‘B/S Z Cs m gms p.f—msyml+k

B ! (vt m o+ K0! (ut s —m)!
If
(7.14) BU)#0 , j=40 041,042, ...

then there is only one polynomial solution of the problem (7.4) - (7.5).

Proof. The preceding discussion has verified all assertions, except formula
(7.11), and formula (7.13) under the additional assumption (7.12).
For 1 <m < mg in (7.10), we may use (7.6) and (7.2) to write

cm <mﬁ)—xﬁ mSHCSH — js+ sp)
s m—1
(7.15) = MM P me H H (i +B/s—7)
i=1 j=0
_ Csmsmsxﬁ—ms H [,ui + ﬂ/s]m
i=1
(7.16) = cs™s™ T [+ Bs),

As this formula holds also for m = 0, we substitute it into (7.10) to obtain
(7.11).

Next assume (7.12) holds. Given any negative integer N we have mg —
m — N > 0, and hence by (7.12),

C(B—mgs+(mg—m—N)s)=C(B—-ms—Ns)#0
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Therefore, for i =1,2,...,s,
B—ms—Ns#—sp; ,
pi+B/s—m#N
Thus we may apply (3.17) in (7.15) to write
s T i +8/s)!
cm ($ﬂ> — csmsmsxﬁ ms (M
-1:[1 (pi + B/s —m)!
|
= Csmsmslﬂ—msm
(n+B/s—m)!
Substitution into (7.10) gives (7.13). O

Example 5. Suppose the Bessel operator C has no zero order term, so that
co=01in (7.2) and C (0) =0. If B = Ms for some nonnegative integer M,
then (7.8) is satisfied with mg = M. If we assume further that B has no
zero order term, then (7.7) is satisfied with k = 0 provided that no root of
B is a positive integral multiple of €. Then the Cauchy problem

Bu (z,t) = Cu(x,t)

Ou(z,0) [ 2Ms  i=0 |,
ot - 0 ,1<i</

Y

has a solution
M cm (st) tmé
22 T, B D)

Condition (7.12) holds if also no root of C is a positive integral multiple of
s, in which event

PMso (z,t) = aMs

m .ms (M m)sth

s
PMso0 (2,1) = v+ M)! Zémf (v+m)! (p+ M —m)!

Example 6. Consider the Cauchy problem

o 5?2 2c+1 0
(7.17) Gt () = g 5ulrt) + ——oou(rt)
(7.18) u(r,0)=r",

where ¢ € C. When 2c+ 1 = n — 1, the right side of (7.17) is the n-
dimensional Laplacian in radial coordinates. We have £ = 1, s = 2, by =
cs =1, and

B—aat , B(z)==z2 , v=0 |,
9  2c+10

C =

W—i_ o ; C(z) =z (z+2c) ) p=(0,c)
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Then (7.7) holds with k = 0, while (7.8) will hold if we choose 3 = 2M for
some nonnegative integer M, in which case mg = M. As (7.14) likewise
is valid, formula (7.10) gives the unique polynomial solution pg of (7.17) -
(7.18) as

M cm (T.2M) gm

m=0

If we assume c is not a negative integer, then (7.12) holds, and from (7.13)
we have the alternate representation

M 22mT2(M—m)tm
pan (r,t) = (p+ M)!

L=om! (p+ M —m)!

Substituting p+M = (M, M +¢), p+M —m = (M —m, M —m + c) gives
<M> p2(M=m) (44)™

M=

paa (1) = (M + )l

L= \m (M —m+c)!
(M P (4t
— (M+c)!mZ::0 <m> CETl

The polynomials {papsr} are called “radial heat polynomials”. They have been
studied in some detail by Bragg [2] and Haimo [8, 9, 10, 12, 13, 14].

Example 7. Consider the partial differential equation

0? 0? 2c¢+10
(719) @U ('I", t) = £ [WU (T, t) + gu (7’, t):| s
where c,e € C and e #0. Whene =1 and 2c+ 1 =n — 1, the equation is
called the “radial wave equation”, and when e = —1 and 2c+1=n—1 it is
the “radial Laplace equation”. We have £ = s =2, by =1, cs = ¢, and
82
B:@ ) B(Z):Z(Z—l) ) V:(Oa_l/z) )
9% e(2c+1)0
= _— —_— = 2 =
Coenm+ T G =2 (e2) = (0,0)

Then (7.7) holds with both k = 0 and k = 1, (7.8) holds if we choose = 2M
for some nonnegative integer M, with mg = M. Also, (7.14) is valid. By
Theorem 2, we have unique polynomial solutions of (7.19) satisfying either
of the Cauchy conditions

7.20 w(r,.0) = r2M Ou(r,0) _ :
(7.20) (r,0) ,

ot
(7.21) u(r,0) =0 , du(r,0) =M

ot
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Formula (7.10) gives for problem (7.19), (7.20) the solution

cm (r 2M t2m
Paaso () —”'ZM |

and for problem (7.19), (7.21),

M m (. 2MY 12m+1
C™(r t
P2M 1 (T’,t):(l/-f—l/Q)!Z 52m ( )

m=0

If ¢ is not a negative integer then (7.12) holds, and (7.13) gives the alternate
representations

(v+m+1/2)!

M em 2(M—m)42m

r
(v+m)!(p+ M —m)!

M M EmT2(M m)tQm
:(‘1/2)!(0“‘“2( >(m—1/2).(c+M—m)! ’

2(M—m)2m+1

M
poa () = (v /2L (uod MUY o e )

=0
M EmTQ(M—m)t2m+1
m) (m+1/2)! (c+ M —m)!

= (1/2)! (c+ M) ) <

Use of (3.17) leads to

i (2m)!
( _1/2!— 1/2'H —1/2—] (1/2)!22mm| ’

J=0 .
e =072 TL 2 = 072 )

With use of these identities we may simplify the above representations to

M M (M+c
panio ( Z () C) 2000 (2t

()

L (M
1= gl )
P21 n; (>™)2 (2m + 1)

gmy2(M=m) (gp)2m+1

p ,O bl t - 9 Ep ,1 ) t

In the cases € =1 and € = —1 these polynomials have been investigated by
Bragg and Dettman [5].
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Example 8. The “radial Euler-Poisson-Darbouz equation” and “radial Bel-
trami equation” are special cases of

Pu(r,t)  2b+10u(rt)  [8%u(rt)  2c+18u(rt)

(7.22) o2 ¢ ot | o2 ¢ or ’

obtained by taking e = +1 and € = —1, respectively. Here b,c,e € C, and
€ # 0. For the Bessel operator B on the left we have

B(z) = z(z+2b) , v=1(0,b) |,
and for the Bessel operator C on the right,
C(z) =€ez(z+20) , w=(0,c)

We assume b is not a negative integer, so that (7.7) holds with k = 0. We
choose = 2M for some nonnegative integer M, so that (7.8) holds with
mg = M. By Theorem 2, there exists a polynomial solution pg of (7.22)
satisfying the initial condition

0
pamr (r,0) =2 P2 (1 0)=0
Formula (7.10) gives
(r2M) t2m m (p2M) £2m
t) = bl
pau (r, 1/222771 v+ m) Zg2mm|b+m)

If we assume that also ¢ is not a negative integer, then (7.12) holds, and

(7.13) gives

M

panr (ryt) = vl (u+ M)! Z
=0

M
=bl(c+ M)

m=0

cMyp 2(M— m)tQm

(v+m)! (u+ M —m)!
M EmT,Q(M—m)tQm
(m> b+m)! (c+ M —m)!

In the cases € = +1 and € = —1, these polynomials were studied as well by
Bragg and Dettman [5].

8. MORE BESSEL SPACE OPERATORS

We extend the theory of the previous section to space operators in n
variables. For each coordinate space variable z; of z = (x1,...,z,), we
introduce a Bessel operator C;, of order s; in this variable,

Si

Y
=Y 'C?{.a. (1<i<n)
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The coefficients {c;;} are complex numbers, and the leading coefficient, ¢;s;,,
of each C; is nonzero. The auxiliary polynomial of C; is
Si

—CZO+ZCU 2_2) (Z_j+1):CiSiH(Z+Siuij) )

j=1
with the complex numbers {—s;u;; : j =1,...,s;} the roots of C;. For any
integer 7,
55
(8.1) Ci(2") = cis, 2" % H (r+ sipij) = Ci (r) 2" %

j=1
We designate vectors

C=(C,Ca,---,Cpn) ; pi = (pars iz, ==+ pis;) (1 <i<n)
and given a multi-index « in R™ we define
co = Clalc2a2 . 'Cna"
Finally, we let £ denote the operator

EzZaaCa ,

where the coefficients {a,} are complex constants, the sum is over a finite
collection of multi-indices v in R™, and £ has no zero order term (corre-
sponding to a = (0,...,0)). We number these multi-indices and coefficients
as in (4.6).

Let B denote our usual Bessel “time operator” (2.1), with auxiliary poly-
nomial (2.2) and leading coefficient by = 1. Given a polynomial ¢ = ¢ (z),
we consider the Cauchy problem

(8.2) Bu(z,t) = Lu(z,t)

(8.3) O'u(z,0) 0 ,0<i<{ , i#k
' ot | 4(z) 0=k
As explained in Remark 1, Theorem 1 will apply to this problem, resulting

in the polynomial solution

)tmf—‘rk
(8.4) u(z,t) = k:‘ k| Z H B (k+j0)
o k/é " ()t
(8.5) = Z (v +m+ k0!

provided only that each power qu is a polynomial, vanishing identically
for m sufficiently large.
We specialize to the case

q(x) = 8 = x151$252 . .‘xnﬁn ,
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with 6 a multi-index in R", and give conditions under which indeed Theorem
1 applies. We assume B and each C; has no zero order term, and that no
root of B is a positive integral multiple of £. Since (3.19) holds with k = 0,
our Cauchy condition is

' (z,0 s =
(8.6) Fu@,0) _[a"  ,i=0
ot 0 ,1<i</¢
We assume further that there are nonnegative integers {;} such that

Bi = isi , 1<i<n

Then C; (0) = 0 for each ¢, and iteration of (8.1) shows that, for any positive
integer J,

J-1
(8.7) CiJ <$1ﬁ1> — CiJ (wﬂisi) — ;L»i(%'—J)Si H C; (%’81‘ _ ]82)

§=0
Thus, J > 7; implies C;” (xzﬁl) = 0. This argument shows that, for any
multi-index « in R", C¢ (xﬁ ) is a multinomial and C® (xﬁ ) = 0 unless a <
v = (7,72, - ,7n). The analogues of (4.4) and (4.7) in this situation are

I
ok m m! opa-o
L= aC LLm= Y a’C
k=1 lo|=m
We substitute into (8.5), with k£ = 0, and obtain for the solution of problem
(8.2), (8.6), with
6: (7181a72327"' 77”8'@) )

the solution

o m (.TB) tm(

. t) =v! —

(8.8) ps (@:?) sz::oﬁmf(qum)!

ttlol

‘G“a”Ca’” (lﬁ)

(8.9) = ! _—
agg:v el (v + o)) o!

The last sum is over multi-indices o in R!. As £ has no zero order term,
this sum has only a finite number of terms, and pg is a polynomial.

Example 9. Bragg and Dettman [4] studied polynomial solutions of

92 20+10 - 2% 2+1 0
1 422 =S &~ 1),
(8.10) <8t2+ i at>“(x’) ;5 <axi2+ z axi>“(x )

ou (x,0)

(8.11) w(xz,0) = 2° , 5

=0 ,
where B has the special form

ﬂ = 2’)/ = (2’}/172727"' )ZrYn)
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for some other multi-index ~v. They required that each €; be either +1 or —1,
but we stipulate only that each is a nonzero compler number. We assume
b and each c; are complex numbers, but that none of these quantities is a
negative integer. For the operator on the left of (8.10) we have

02 2b+10

The operator on the right of (8.10) can be written as

(8.12) L=) &C |
i=1

where, for 1 <i <mn,

9% 2+1 0
8Ti2 irs al‘z ’
As no root of B is a positive integral multiple of ¢ (¢ =2), and each C; has

no zero order term, the preceding analysis applies. From (8.12) we see that
the vector & of multi-indices and vector a of coefficients are

(8.13) C;i= Ci(2)=z(z4+2¢) , wi=(0,¢) .

(814) a:(ehe??"' 7671) ) a=¢:= (617527'” 7871) )

where e; denotes the i-th unit multi-index. For o a multi-index in R™ we
have & - o = 0. We substitute these quantities into (8.9) and obtain as our
polynomial solution of (8.10) — (8.11) the function

(8.15) (z,t) =v!y ol o (+7)
. pﬁ Z, = V. fﬂ‘ﬂ (y+ |0‘D| 0_‘ g X
o<y
Now, from (8.7) and (8.13) we have, for any multi-indezx o in R™ with o < 7,
o;i—1
¢t (i) = 2207 T (23 - 29) (23 - 2 +261)
j=0
_ fC‘z(’Yi_o—i)220-i 71' (fY’L + C’L)'
- 7 I
(vi — o) (i + ¢i — 03)!
and therefore
oo (lﬂ) _ 20-0)g2lel (v +o)! 7
(y=o)l(v+ec—o)
where we set ¢ = (c1,...,cp). Substituting this expression into (8.15) yields
¥ 22‘0" ’U’!€Ux2(7—0)tZ|0'|
8.16 ) =v (v +c)!
( ) pg(z,t) =v!(y+c) ;(U)ﬂlal (v+ o) (v + ¢ —0o)!

Finally, setting ¢ =2 and v = (0,b) we arrive at the representation

5z7$2('y—0') t2|0'|

po (@) =y +e)l ) <Z) G (7 +e_o)

o<y
as our polynomial solution of (8.10) — (8.11), where 3 = 2.
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Example 10. We consider the Cauchy problem

d - ?# 2+1 0
1 < =35 (- 0
(8.17) (%u(:v,t) € <8$z’2 + " 8301-) u(x,t)

i=1

(8.18) u(x,0) = 2" (B =27)

Haimo [11] studied polynomial solutions of this problem in the case ¢; = 1
for each i. We assume only that each ¢; is a nonzero complex number. For
the operator on the left of (8.17) we have

0

B:a , B(z)==z2 , v=>0

The analysis of this problem is exactly like that in Example 9, except that in
(8.16) we now set £ =1 and v = 0 to obtain the polynomial solution

<,7> €J$2(7—U) (4t) lo|

(+c—o)

Ps (z,t) = (v + o) Z

o<y
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