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to bounds on the coefficients of the differential equation.
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1. Introduction

Let £ be the linear partial differential operator
EU([L‘,t) :atu(xat)_ Zaa(t)afu(x,t) ) (1)

acA

where z € R™, t € R, and the coefficients {a, }, indexed by a finite collection .A
of multi-indices in R", are real valued continuous functions of ¢ on an interval
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I containing the origin. In [16] we developed explicit formulas for real valued
solutions {pg} of the initial value problems

ﬁpﬁ(l‘,t) =0 ) pg(l’,O) = lﬂ . (2)

For each multi-index 3 in R", pg is for fixed ¢ a polynomial in 2 of the form

pa(wt) = > )z’

v<p

with each coefficient ¢, a real valued function in C* (I). When the coefficients
{an} are constant and £ has no zero order term, pg is a polynomial in both =
and t. The polynomials {ps} are analogs of the classical heat polynomials, ap-
pearing in Appell’s work [1], and studied in depth by Rosenbloom and Widder
[21, 22, 23, 24]. Indeed, when L is the heat operator d; — A, these polynomials
specialize to the heat polynomials.

In [17], following the example of Rosenbloom and Widder for the case of
heat polynomials, we studied series expansions

u(a:,t>=2%pﬁ<x,t> , (3)
i

investigating convergence questions in a horizontal strip {(z,t) : |[t| < s}. We
discussed also the Cauchy problem in such a strip,

Lu(x,t)=0 , wu(z,0)=f(x) , (4)

and gave conditions on f ensuring that a solution can be found as a series (3).
In that analysis we derived pointwise upper bounds on the polynomials {ps},
extending techniques of H. Kemnitz [19], who studied polynomial expansions
for solutions of an evolution equation in one space variable,

Ou(zx,t)  O'u(wx,t)
ot O

The polynomial bounds of [17] lead to conditions on the coefficients {cg} en-
suring convergence of the series (3).

Whereas the bounds of [17] apply to all operators of the form (1), this
broad generality requires compromises limiting the sharpness of the estimates
for specific equations. Indeed, one shortcoming is that, when applied to the
heat equation, these bounds are weaker than those of Rosenbloom and Widder
on the heat polynomials. In this paper we address this situation by studying a
smaller class of operators still containing the heat operator, and for these op-
erators we obtain improved upper bounds on the polynomials {ps}. When ap-
plied to the heat operator these bounds are equivalent to those of Rosenbloom



and Widder, in the sense that they guarantee the same strip of convergence
for series expansions (3). We also consider the Cauchy problem (4) under the
assumption that f has a power series expansion

C
fngﬁﬂ,

valid in all of R™. We specify conditions on the coefficients {cs} that guarantee
convergence of the sum (3) to a solution u of (4) in a horizontal strip of at
least a certain width. These conditions at the same time mandate that f can
be extended as an entire function to all of C™, obeying there an exponential
growth restriction at infinity. Finally, for a still smaller class of operators, again
including the heat operator, we verify that our lower bound on the width of
the strip of convergence in fact gives the exact width of this strip.

It is expected that our polynomial estimates, just as in the case of the heat
equation, will prove useful in other applications involving the approximation
of solutions of Lu = 0 by polynomial solutions.

For related work regarding generalizations of the heat polynomials, see [3,
4,5,7,8,9,10, 11, 12, 13, 14, 15, 20].

2. The Polynomials

We describe briefly the polynomial solutions {pg} of (2), as presented in [16].

First some review of the notation is required. Given x = (z1, 9, -+, 2,) in R"
and a multi-index a = (ay, ag, -+, a,) in R" we prescribe
al = aglag! - ay,! , laf| =01 +ag+ -+, (5)
Pl
Y =M™, : o (6)

T 0z 0xy? - - Ol

For multi-indices or vectors a and (3 of the same dimension, we write v < (3
whenever «; < 3; for all 7.

As each a, appearing in (1) is continuous on an interval I containing the
origin, for such a, we may introduce the antiderivative

t
ba(t):/aa(s)ds tel . (7)

0
We let K denote the number of indices a appearing in (1), label these
indices as o', a?, ---, o, and label the corresponding coefficients as a1, as,

-+, ag, so that (1) may be written alternatively as

Lu(z,t) = S (z,t) =Y ap(t)0 u (z,1)

k=1



We further introduce vector functions
a=(ay, a9, - ax) , b=(b,be, -+, bg)
as well as a vector of multi-indices
o= (ozl,oz2,---,aK>

Finally, given a multi-index o = (01,09, -+, 0x) in R¥, the “dot product” @-o
is the n-dimensional multi-index

5'0'20610'1—"0(20'24—"'4‘0[[(0'}(

At times it is convenient to write this sum as
-0 = Z oo,
«

where 0, = 0 if « = o, 1 < k < K, and o, = 0 for all other multi-indices o.
The polynomials {pg} are then prescribed on R" x I according to

xb(t)7

pg(l’,t) = B' Z

o i vtao=8 |

, (8)

lo!

where the summation is over all multi-indices v in R" and o in R¥ having the
property that v +@- o = 3. An alternative formulation is

l.ﬁfa-a o
ps(z,t) =0 > b(®)

T-0<f3 (B—a o)l ®)
where now the sum is over all multi-indices o in R¥ such that @- o < f3.

If the operator £ of (1) has no zero order term then the summations (8)
and (9) extend over only a finite number of terms, and trivially each pg is as
smooth as the individual terms in the sum. Since each b, is of class C' on
I, and powers of x are C* on R", in this situation each pg, along with all
its partial derivatives involving at most one derivative with respect to t, is
continuous in R" X I.

If the operator £ of (1) has a zero order term, then the summations (8) and
(9) involve an infinite number of terms, as now o = (0,0, - - -,0) appears as an
index in (1) with corresponding nonzero a,, resulting in a countably infinite
number of multi-indices o in RX such that @ - o < 3. However, as shown
in [16, 17], in this event the series (8) and (9) are uniformly and absolutely
convergent on compact subsets of R™ x I, as are the differentiated series J;pg,
J0Ipg, and 0,0]ps for all multi-indices 7 in R", from which it follows again that



all partial derivatives of pg involving at most one derivative with respect to ¢,
and space derivatives of any order, are continuous in R" x I.

Because there are only a finite number of powers 27 with v < 3, (8) shows
that the functions ps are polynomials in x for each fixed ¢. It is demonstrated
in [16] also that

s -
o _ | granpoalnt) G >a, .
Oeps(e:1) { 0, otherwise, (10)
aq(t)
ap l',t :ﬁ' Ta N\ PB-a "L‘at ) 11
) =0 8 ot (1)

with the latter summation over only those a appearing in (1) for which a < g.
Finally, if £ has only constant coefficients {a, }, then (7) yields b, (t) = ta,
for each «a, and formulas (8) and (9) simplify to

awarilel 0o Bl

pg(l‘,t)ZB! Z

S o= ~lo! aoss (b—a-o)lo!

If moreover £ has no zero order term then the sums involve only a finite number
of terms, and in this event pg is a polynomial in both variables (x,t) (as in the
case of the heat equation, for example.)

The reader is referred to [16, 17] for further discussion of properties of the
functions {pg}.

3. Factorial Estimates

Recall that the factorial function on the natural numbers can be extended as
a real-analytic function to the interval (—1,00) by the relation

zl=T(x+1)

From properties of the gamma function it follows that ! is convex and positive
on (—1,00), approaching +oo as « approaches either —1 or +o0.

On vectors x = (x1, g, -+, 2,) in R™ we use both the Euclidean norm and
¢! norms; respectively, these are

1/2
ol = (w2 w2 o+ w2) el = ol sl o el

For a vector a = (o, ag, + -+, av,) in R™ we write a > 0 and say « is nonnegative
whenever a; > 0 for each i; for such vectors we may define

al =aqlasg! - ay!



while the ¢! norm reduces to the right expression of (5). Note that the power
x® of (6) is defined if both x > 0 and o > 0, and also for general z € R"
whenever each «; is a nonnegative integer.

The next several lemmas summarize some factorial inequalities verified in
[17]. (We interpret 0° = 1 in these inequalities.)

Lemma 1 For real numbers x,y > 0,

e < al < 2%l ar 4+l (12)
< (z4y) . (13)

Lemma 2 Let x,a € R", n> 1, with a > 0 and 1 < ¢ < co. If either (a)
each component «; of « is an integer, or (b) x > 0, then

]

a1 = [anyon o 101D

ew&n}

Lemma 3 For y = (y1,Y2, -, Yn) with all y; > 0, and for real numbers
s,r >0,

> 7l r= ol + lyel + -+ + Jyn| +7)°
e Jol<s ol (s—|le])! — s! ’
where the summation is over all multi-indices 0 = (01,09, -,0,) in R" such

that ||o|| < s.

Lemma 4 Let M denote a nonempty collection of M nonzero multi-
indices « in R", and let m be a positive integer and s a nonnegative real
number. Then

1 M +1)™
<m (a4 1 P D

||a§|:sS () Maenr (Lelon )t — (=)

where the summation is taken over all multi-indices o in RM such that

" a0,

aeM

9

= llaloa<s

aeM

[ ol =




4. Polynomial Bounds

We describe conditions under which we derive improved bounds on the poly-
nomials {pg}.

We assume the highest order of any space derivative in (1) is m, with
m > 2, so that [|a]] < m for each a@ € A. We also suppose there are finite
bounds {4, : « € A} such that

Ay =sup |aa(t)] (€ A) . (14)

tel

We say that a space derivative 9 appearing in (1) is unmized if it involves
differentiation in at most one space direction — that is, if o = je; for some
nonnegative integer 7 and integer 7, 1 <1 < n, so that

oI

¢ % Quy

9% = ajei _

We say also that o = je; is an unmized multi-index. All other space derivatives
and corresponding «’s are mizred. We list the collection of unmixed multi-
indices o in R" of magnitude m according to

al=me; , a®=mey , --- , a"=me, , (15)
and the coefficients corresponding to these as
A = Qi = Qe; , 1 <1< .

We assume that all unmixed derivatives of order m are present in (1), and
accordingly we may write this operator as

Luet) = omiat)— Y T HnY (16)
=1 7
- > aa()0u(z,t) — > an(t)0%u(,t)
acA,a mixed,|lal|=m a€A,|all<m

Regarding further the coefficients of the m-th order unmixed derivatives, we
presume for 1 < ¢ < n the lower and upper bounds

0 <¢g :=inf |a;(t)] < sup |a;(t)] = A; . (17)
tel tel

(Thus, A; = A, in the notation of (14).) Finally, A and ¢ will denote vectors
with these bounds as entries; that is,

A= (A1, Ay A, ei=(E1,80,,E0) - (18)



Theorem 5 Assume m > 2, where m is the order of (16), and that the
coefficents {an} are continuous with the bounds (14) and (17) on an interval
I containing the origin. Then for x € R™ and t € I, and for any ¢ > 0,

[pa(r, )] _ mM (M +1)1A%™
g - (8/m)!

(19)
1811/

Aq
It] + |¢] > —m 0
. 9
acA , « mixed , |lall=m
>m/(m—1)

<M +1>1/(m_1) < < 1 T )
" m T  1Um
) Ei/m 5711/

M+1 lleell / (m—[lexll) A, |t| m/(m—|lall)
* Z < ) > co/m ’

acA , |all<m

- exp

where M is the number of multi-indices o € A such that 0 < ||a|| < m, and
A and ¢ are the vectors (18).

Proof: Initially we assume (16) contains no zero order term; that is, there
is no term in the sum corresponding to o = (0,---,0). Let K denote the
number of space derivative terms in this sum; then by (8),

G W=l ~lo!

p,@(l" t) Z "L"yb(t)g ’ (20)

where the sum is over all multi-indices v in R™ and o in R¥ satisfying y+a-0 =
6. We let

p(t) = (pr(), p2(t), - -, pu(t)) (21)

denote a vector of positive functions of ¢ on I, to be specified later. (Henceforth,
for brevity we suppress the arguments of functions of ¢.) Given § > 0, Lemma
2 (with £ =m and a = 7) yields

|27] proll/m
WA

xTq i) Tp K
pl(sl/m’ pQ(Sl/m’ ) pnél/m

proihl/m " <x1 " xﬂ) ) (m=1)
Siexp Aim \ T Ty T
(Il fm)! oY \p1 p2” T pa
This estimate, used in (20), leads to
m/(m—1)
ps(z, 1) <oxp || (L E2 g (22)
B' 51/m o1 ) p2a ; On )




where
pv(gllvll/m id

5= prallm e
viba—g (Al /m)t o

(23)

We let N denote the number of terms in the summation of (16) correspond-
ing to ||| = m, and M the number with 0 < ||| < m, so that K = N + M.
We number the multi-indices appearing in this sum as

1 2 N N+1 N+2 N+M

a ., a o, e, y & y o y T, Q@ )
where al,---, o are the highest order multi-indices with |a| = m, and
aNFLo oMM are of lower order. Thus, in view of (15), N > n. We write a

general multi-index o in RX as
o= V1, UN, ALy A) =V A
where the multi-indices v and )\, each also in R¥, are defined as
I/Z(V1,"',I/N,O,"',0) , )\:(0,...,0’)\1’...’)\1\4) , (24)

and
a-a:Z(xaa ZZO/VH-ZOZNHM =a-v+a-A.
i=1 i=1
(We admit the possibility M = 0, in which case K = N, A = (0,---,0) and
o =v.) Then ¢! = vI\l, and (23) can be written as

aglalim (e |
s = oy lidlial (25)

VHa-v+a-A=p (v /m)t vt Al

S pO-Tv=EAGlIB-Tv—aAl/m |p| bA‘
N a-wra.)\gﬁ(nﬁ—@'V—@-)\H /m)! v\
- ¥ ol m Pl g
v:av<f V! ’
where
T ! if M 0 (26)
= 1 —
(I —a-v|/m) )
e B
- p- — =M >0. 2
Niaacsay (B =@ v—a - Al /m)! Al

In the case M > 0 we let M denote the collection of multi-indices «
appearing in (16) such that 0 < ||a|| < m, and apply Lemma 2 but with



¢=m/||a| and n =1 to estimate

A (o7 >\a
M _ H ‘ba|>\ — H pakaéﬂaﬂ)\a/mi ‘ba|
YRR AP WERN 3 ot \ pastallzm

M sllal e/ 1 |ba‘ m/(m—|le)
}JM prno (||a||Aa>!eXp <pa5||a||/m>

FAsl@Al/ Z |b | m/(m—|lal) H 1
= PP exp (ﬁ) Ty -
pedliell] aem (12}

aeM m

IN

We substitute this inequality into (27), noting that |[@- A|| < || —@-v| in
this sum, to obtain

|ba| m/(m—|la|)
T < exp Z <,OO‘(5”°‘”/W>

aeM
1

A ||a-)\§ﬁa-u| (W) Mlaem (”%” >\a> !

In the latter sum note that @- A = > c( a),; if we ignore the leading zeros of
A and view the remainder of A as a multi-index in RM, we may apply Lemma
4 to this sum to arrive at

M 4 1)lo-Fl/m |\l
M '( [}
T <m (M + 1) (M)l exXp a%:\/l pa5||a||/m

Observe that the right side reduces to that of (26) in the case M = 0, when M
is empty, so that in fact this last estimate is valid for both M > 0 and M = 0.
We insert this inequality into (25), and then (25) into (22), to obtain

'pﬂg’f’“' <mM(M+1)!-U (28)
1z Tn m/(m—1) ba m/(m—|lall)
exXp [ 51/m (p_i’ p;’ ) ) + ZQGM (pa(S‘Hiah/m) :| ’
where avgls—avl/ |8—a-vll/
|b1/| pﬁfa-z/(s B—a-v|/m (M + 1) —a-v||/m
U= > —r — , (29)
v:av<f v (Hﬁ Oél/” /m)
As in (15) we let o', ---, o™ denote the unmized multi-indices in A of

highest order m, and we continue to list the mized multi-indices in A of order
m as

n+1 n+2 n+P
«Q , O y o, o )

10



so that N = n+ P. Then we can write a multi-index v, as specified in (24), as
V= (1, Ty fiay o iy 0y, 0) =7+ j
where 7 and p are multi-indices in R¥ prescribed by
T=(11," 70, 0,---,0) , pu=1(0,-+,0,p1, -, p,0,---,0)

(We allow the case when there are no mixed multi-indices of order m, in which
event P =0, u=(0,---,0), and v = 7.) Then

av=a-r+a-p , |a-rl=mlrll @l =miel

and we may write (29) as

(b7 0| =TT [ (M + 1)]Ilﬂll/mefllflluH

S (. [Fry e R TP ] (30)
_ Z |br|Tp|—a-r.V |
riar<f :
where
L By [ o

(T Jm — !
) 0] o 5 (M + 1)
Vo= X T B m e Tl

1811/ m=IlTll=Ilkl

L ifP>0.

When P > 0 we note that, in the summation for V,

a-p<pf-a-r=mlpll <|6]=mlr]

Ha
o] p~ o = 11 <M> ;

o mixed , lall=m P
then with the help of Lemma 3 we deduce that

Vo< > 1 10 <@>“ [0 (M +1)]

18I/ m=Il=ll=lxll

l<tBm—tr # | o mixed | jajem * 2 BN/ =l = D!
18] /m—i~]
< ! > [6a] +6(M+1)
= (1Bl /m = I )! o

o mixed |, |al|=m

11



As the right side reduces to that of (31) when P = 0, this inequality holds

likewise in that case. Now setting
_ [Da
Z = Z —+o(M+1)
o mixed , |al|=m

we substitute the last inequality for V' into (30) to produce

U 8
D e ()

At this point we make our choice of p(¢) in (21), setting

1/m

1

|b7| pfa-r Z”ﬁ”/mfnTH

where at t = 0 we use, in accordance with (7),

n(t) = [ ails) ds |

(33)

(34)

to interpret p;(0) as limy_g p;(£) = |a;(0)|*™. Observe that p; (t) > 0 by (34)

and (17). Then in (32) we have
a1t = > (me)r=> (mm)e; ,
i=1 =

1
L = T2 — T = g
z‘:l(pi) B

~

while (13) implies that

(19l fm = 1ol = 32 (2 =) |

Consequently, (32) leads to

|t‘T1 Zﬁl/m*Tl

|t|7n Zﬁn/men

U<y
T1<B1/m 7! (ﬁl/m o Tl)' T2<B2/m Tn<Bn/m

which with n applications of the scalar version of Lemma 3 yields

1

U < p (1t + 2%/

Pum .
P G M+ 2)

1
(Bn/m)!

(6/m)! p (1)

o mixed , |al|=m

12
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(
3 I81l/m
o) (t Ly Ol 1))



The bounds (14) and (17), applied to (7), (33) and (34), imply

bl < Aaft] sl <0 < Asft]
e < pilt) < AT e < p ()t < A

K3 ?

which with the previous inequality gives

I18ll/m
AB/m A,
[
U< G It| + |t] ) o O+ 1)

o mixed , [a|=m

We substitute these last few inequalities into (28), replace ¢ by §/ (M + 1),
and obtain the desired inequality (19).

It remains now only to verify the theorem when the operator (16) has a
zero order term, corresponding to o = (0, - - -, 0). To analyze this situation, we
assume the operator £ of (16) has no zero order term, and we subtract such a
term from L to produce a modified operator

Lou(z,t) = Owu(x,t)— z;laa(t)@gu (x,t) — ap(t)u (z,t)

= Ju(z,t) = Y an(t)0u(z,t) |

aeB

where B = AU {(0,---,0)}. We let {gg} denote the polynomials (8) for Ly,
and {ps} the corresponding polynomials for £. The analogue of (20) for ¢ is

Bl T A, Al

Wt 5w -

where here

a~a:Z(xaa: Zaaa+(0,~'-,0)00: Z(xaa

a€eB acA acA

Thus the condition v+ @ - o = 3 places no restriction on the component oy of
o corresponding to o = (0,---,0); that is, for fixed acceptable choices of the
other components {o,} of o, we may allow 0 to range over all nonnegative
integers. If we write

o= (§00) = (&1, ¢k,00) bo(t):/otao(s) ds ,

then (35) may be written as

q (z,1) _ Z 27b(t)¢ i bo(t)7° (36)

B! N4aE=0 Y!¢! 00=0 (00)!

13



where here we interpret

a-t=Ya& . bt =] ba(®)

acA acA
Thus equation (36) confirms the formula
gs(x,t) = ps (w,1) 0
But bo(t) < Ag [t| where |ag(t)| < Ao, giving
s (z, )] < e [pg (1)

As psg has in Theorem 5 the bound (19), the identical bound holds for ¢z
because the multiplicative factor e?°l!l only adds another term, corresponding
toa=(0,---,0), to the sum in the expression

M 4 1 lell/Gm=lal)
exp[ 3 ( +) | Ayt | (=l

acA , |a|<m 0

so that o € A changes to a € B. The number M of multi-indices « satisfying
0 < ||a|| < m is the same for A and B. These remarks complete the proof of
the theorem. &

When the operator (16) has no lower order terms, assuming the form
Lu(z,t) =0 (z,t) — > an(t)u(z,t) |
ll|=m
the bounds on the polynomials {ps} are simplified; we have M = 0, while
sums over lower order multi-indices are 0. Inequality (19) reduces to
1811/m

t AP/m A,
pledl < sl Y S (37)
' ’ o mixed , |al|=m

o . o \ [\
&1 En

Of special interest is the heat operator in n space dimensions,

n 2
Hu (2,t) = Oy (z,1) — Au (2,t) = u(z,t) = ’ gfz’ )

i=1

For this equation A, = 1 if « is unmixed and A, = 0 if « is mixed, while
m = 2 and ¢; = 1 for each ; accordingly (37) becomes

(e, )] _ ([t + )12 (n|z])*
ﬁﬁ! < (5/2)' ex [ 5 ] . (38)

14




This estimate is analogous to bounds of Rosenbloom and Widder [21, 22, 23,
24], although not directly comparable as their bounds are stated somewhat
differently, depending on the cases ¢ > 0 and ¢ < 0. We will see later, however,
that (38) and the bounds of Rosenbloom and Widder give the same strips of
convergence for series of the form (3).

5. Series Expansions

We consider polynomial series of the form
s
u(z,t) =Y 3 pg(z,t) (39)
5 O

where again the polynomials {ps} are those associated with the operator (1).
Expanding on techniques of [19, 21, 22, 23, 24], we prescribe conditions on the
coefficients {cg} that guarantee convergence of the series in a strip

Ss={(z,t):z e R", tel, |t| <s}
Given a real valued function f on multi-indices § in R", we define

limg oo f(B) =limsup f(B):= lim sup f(3) .

B—00 k=00 151>k

Theorem 6 Under the hypotheses of Theorem 5, assume that

_ |Cﬁ‘m/llﬂllm€Aﬂ/llﬂll Ao | 1
b oo UL L+ 2 wm | =5 0 (40)

acA,a ijed,||oc||:m

where 0 < s < co. Then

(a) the series (39) converges absolutely and uniformly on compact subsets
of the strip S to a function u.

(b) both u and Ou/0Ot are continuous in this strip, as are their space
derivatives 0%u and 0%u; of all orders. All these derivatives can be obtained
from (39) by termwise differentiation, with convergence of the differentiated
series likewise absolute and uniform on compact subsets of Ss. Finally, u solves
in S the equation Lu = 0, where L is the operator (1), while for each (3,

cg = 9%u(0,0) . (41)

Proof: Assume the hypotheses of Theorem 5 hold. Given X, T with 0 <
X < 00,0< T < s, consider the compact region R(X,T') containing all points
(x,t) such that

(z,t) e R*x I o[<X , J[<T

15



Given ¢ > 0, inequality (19) guarantees a constant C', depending on m, n, M,
X, T, 0,{A,}, and €, but independent of 3, such that for all (x,t) € R (X, T),

B/m I8ll/m
ps (@, 0)] _ , AY" (LT +6)

gos Gml )
where A
L=1+ Z —afm
acA , o mixed , |lall=m
Applying the left inequality of (12), in (42) we have
1 1 em (em)
WM!Q%MWJK@> 5o )

Let Ti satisfty T < T} < s. Under assumption (40) there exists k£ > 0 such that
1]l > k implics
|Cﬁ|m/|lﬁll AB/Blmel, 1

35/181 = T (44)
We combine (42), (43), and (44) to infer that, for ||3]| > k,
I8l/m
ps (2, 1)] LT +9
< 4
sl =5 — =\ 17, (45)

As L is positive and 77 > T, in (45) we can choose ¢ sufficiently small that
the quanitity in parentheses on the right is less than some positive constant r,
with r < 1; then

C
= pg (1)

<C PlIBl/m < oo
g =C 2

18112k

>

181>k

Thus (39) converges absolutely and uniformly in the region R(X,T), and
consequently also on compact subsets of S because X can be arbitrarily large
and T arbitrarily close to s.

Keeping in mind the identity (10), we consider a formal space derivative of
the series (39),

%WH)Z%Z%m@ﬁ= %%m@ﬂ (46)
B ’ B ’
- ;g;zzfié;jgpﬁy<x,t>:: ) e (1)
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Under assumption (40), for the coefficients in the derived series we find that

T +D|m/HﬂHAﬂ/IlﬂllmeL
500 BATTAT

_ 1 ‘Cﬁ-i,-y|m/HB+u”A(ﬁ+y)/Hﬁ+VHmeL ||ﬁ+”||/”ﬁ”
= HMg—oo (B10) PFTIET

.(ﬁAFV)U/HBH 1 (B+0)8/ 181
AYTIBI (e IVI/181 g5/181l

As 8 — oo we have AY/I81 — 1, (meL)”””/”BH — 1, and

1< (B+ I/)V/Ilﬁll < (18] + HVH)lIVll/IIﬂII —1

n ;11181 n /118l
(8 + V)ﬂ/”ﬁ” [ (8; + Z) 1 ]
1< ] < T e~ _ sl
EUE] S .
Therefore,
e [N AW e, 1Nt 11
HRp—oo 3TA - (g) 11 TS

We may now apply the result of (a) to deduce that each derived series (46)
converges absolutely and uniformly on compact subsets of S;. This conclu-
sion legitimizes our formal termwise differentiations of the series, while also
confirming the continuity of the sums.

Next, in view of (11), we compute the formal derivative of (39) with respect
to t as

a2, 1)
O (Z 3l pa(x,t) ) %:az;ﬁcﬁaa W : (47)

where

2.

B as<p

Cgaa

|Pﬁ1’t)|
) L } 3 laa(0] 3 el 2200

As above, each of the series

lps(x, 1)
; |Cﬁ+a| ﬁT

converges uniformly and absolutely on compact subsets of S; as the coefficients
{aq(t)} are bounded and finite in number, we have the same convergence for
the series (47). Thus termwise differentiation is justified in (47), and the sum
of the series is continuous in Sj.

17



Applying again (10) and (11), we compute also formal mixed derivatives

of (39),

c c _a(x,t
003 Lpg(@,t) =00, Lpg (1,4) =5 eppaq (1) 220 _(Q)!) :

5 5 0 5 ash (v
where
Ps—a (2, 1) |ps (2, 1)
; o;g Co+vQa (t) ﬁ = ; |aoz (t)| ; |Cﬂ+oc+y| ﬁT

By arguments above, these series likewise converge absolutely and uniformly on
compact subsets of Sy; thus termwise differentiation is justified and continuity
of the sums confirmed.

The formula Lu = 0 follows by termwise differentiation and the fact that
Lpz = 0 for each . Finally, setting (z,t) = (0,0) in (46) and using pg (z,0) =
27 gives 9u (0,0) = c,, and thereby (41). &

It is noteworthy in formula (40) that bounds on the lower order coefficients
{aq} do not appear; that is, only bounds { A, } with |«| = m affect the estimate
on the width of the strip of convergence.

In the case of one space dimension, when n = 1, there are no mixed deriva-
tives in the operator (1); then A is a scalar, § is an integer, and (40) reduces
to
lcs|™" meA 1

B s

For the special case of the Kemnitz operator,

(48)

Mmoo

Owu (z,t) — 0w (x,t)

we have A =1 and (48) becomes the estimate of Kemnitz [19].
For a special class of operators we can demonstrate that formula (40) gives
the precise width of the strip of convergence.

Theorem 7 Under the hypotheses of Theorem 5, suppose further that L
has the form
“ooom t
Luet) = om (e ) =y a MBS e |
ZL‘Z‘m

i=1 lad[<m

where there are no mixed derivatives of highest order m, and coefficients of
the unmixed derivatives of order m are constant. Assume also that either

(a) all coefficients of space derivatives are nonnegative, or

(b) all coefficients of space derivatives are nonpositive.

18



Then the formula of Theorem 6,

(o518 e AB/IBI 1

limyg oo AT =35 (49)
where A = (|ay|, |as], -+, |axs|), gives the largest possible width of the strip of
convergence S of the series

c
Sgpa(mt) (50)
o

More precisely, if 0 < s < s’ and if I contains the interval (—s',s'), then there
is a point (x,t) in the strip Sy where (50) does not converge.

Proof: We assume ¢ is positive and small enough that 0 < s < s+ ¢ < ¢,
where (—s',s") C I. Choosing x = (1,---,1) in (9) gives

ps (1) b(t)
= 2 m——— 51
B! E;ﬁ (b—a-o)lo! (51)
For each «, definition (7) shows that b,(¢) > 0 for ¢ > 0 under condition (a),
and b, (t) > 0 for t < 0 under condition (b). Accordingly we choose t = s + ¢
under condition (a), and ¢ = —s — ¢ under condition (b). Then (z,t) € Sy,

each term in (51) is nonnegative, and the sum is at least as big as any single
term. We consider the term corresponding to the multi-index o = {0, }, where

o'a:{ [8:/m] ., if a=me;

0, otherwise .

(The notation [y] refers to the greatest integer no larger then y.) Then for this
term,

E'J:zn:m[ﬁi/m]ei < zn:ﬁiei =05,
i=1 i=1

and

b(t)” = [ b: ()%™
1=1

Because each a; is constant, (7) and (17) show that b;(t) = a;t and A; = |a,|.
Letting [#/m] denote the vector

[ﬁ/m] = ([ﬁl/m]’a[ﬁn/m]) )

we may write

0 < b(t)” = J[ al®/™glee/ml = lo/ml (g 4 gylls/mil

7
i=1
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ol=[B/ml , @-oc=m[8/m|
As (51) is bounded below by the corresponding single term, we have for these
chosen values of x and ¢ the lower bound

ps (z,1) - A/ (5 4 gy I8/
B = (B—ml[3/m])![B/m]!

We investigate the individual factors on the right side of (52). First, given
any nonnegative integer k, we may write

(52)

k=tm+r |, (53)

where ¢ = [k/m] and 0 < r < m. Then, given p > 0,

gm0 P S prm
P =P = r/m —
P L+p
Consequently, in (52) we have
n A[Bz/m Aﬂ/m
AB/m =TT AP/ > > 7 (54)
LA = 1155 =

and

n n ﬁz/m ||,3||/m
Ig/mill _ [8:/m] (s+9q) _ (s+4q)
+ =1+ > || w95
(s+9) @-:1(8 ? o (+s+qg  (I+s+gq) %)

Returning back to (53), we have also
(k—ml[k/m|)! = (k—m0!=rl <m!l |

and therefore

n

(3= migm)! = TL(8, = m{/m)! < [t = (mi) . (50)

Finally, if £ > m in (53) then [k/m] > 1 and [k/m]! < (k/m)!, and use of the
right side of (12) gives

h/m]! < e/1+ k/m (%)W _ (57)

On the other hand, if 0 < k& < m in (53), then [k/m]! = 0! = 1, and (57)
follows from the general bound y¥ > e~1/¢ for y > 0, and the estimate

) (Y
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Several applications of (57) then yield

B/mll =TTy [B:/m]! < Ty e 1+ Bofm (2)7" (58)

n n/2 B/m
< e (L+ 181 /m)"? i

Substituting now (54), (55), (56), and (58) into (52), we arrive at

ps (z,1) > C(m,n, A, s+ q) AP/

181l /m
B el my g etk

Next we observe from the hypotheses (49) that there is an infinite collection
of multi-indices {3} such that

|Cﬁ|m/llﬁll meAB/ 18l - 1
(36/181 ~s+q/2 7

or equivalently,

Therefore, for multi-indices (3 in this infinite collection,

‘c pﬁ(x,t)‘ _C(mnAs+q) l s+ q ]Ilﬁll/m
BU 1T a8l fm) s a2

Since the last expression on the right is unbounded as ||3|| — oo, the series
(50) cannot converge at our point (z,t) = (1,---,1,t), where t = s + ¢ in case
(a) and t = —s — ¢ case (b). This point lies in Sy. &

We point out that our formula (49) for the width of the strip of conver-
gence specializes to the formula of Rosenbloom and Widder [21, 22, 24] for the
heat equation, and to that of Kemnitz [19] for his generalization of the one-
dimensional heat equation. The result of Rosenbloom and Widder is stated for
a modified version of the series (50),

Z agpp (l’, t)

B

Our formula (49) when specialized to the heat equation, and the Rosenbloom
— Widder formula are, respectively,

o 2/1151l o 1 o 2/lIBl o gB/181 1
limg_ o M =—- , limg . 2 b =

38/1A 5 e s

With the identification ag = c3/8!, and with the help of (12), it is not difficult
to demonstrate that these formulas are equivalent.
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6. Cauchy Problems

Again we let £ be the operator (1). We consider the Cauchy problem

Lu(z,t) =0
{ w(@,0) = f(z) . (59)

We assume f is a real valued function on R", with a power series expansion
in R™ which we write in the two ways

f(x) :zﬁ:agxﬁ:zﬁ:%xﬁ : (60)

We introduce some terminology regarding growth conditions on the func-
tion f. We state the conditions for complex valued analytic functions defined
on C", as they are more natural in that setting. Whereas for entire functions
of a single complex variable there is general agreement on definitions of order
and type (see [2], for example), for functions of several complex variables there
is no standard terminology, as there are several possible definitions depending
on one’s choice of norms in C™ and other considerations. (See [6], Chapter
1, for a discussion of this topic.) Although it appears that all definitions give
the same order of an entire function, the type varies with the definition. The
definition below is most suitable for our purposes here, as it allows the natural
extension to higher space dimensions of one-dimensional results of Rosenbloom
and Widder, and later of Kemnitz, regarding the Cauchy problem (59). We
explain in Theorem 9 how the prescribed conditions on the coefficients of the
power series expansion of an entire function are equivalent to growth limits at
infinity on the function.

Definition 8 Let f = f(2) = f (21,22, , 2,) be an entire function f in
C™, with the power series expansion (with complex coefficients)

f(z):zﬁ:agzﬁ:zﬁ:%zﬁ : (61)

Given p with 0 < p < oo and a vector B = (By, By, -+, B,,) of positive
real numbers, we say that f has growth [p, B] provided that

35/181 |aﬂ|p/llﬂll <.
Bosl =P

Tims o (62)

It is readily seen that if p < 7 and B < C, and if f has growth [p, B], then
f has growth [7, C]. (One verifies first that (62) implies |ag| — 0 as ||3]] — o0.)
This monotonicity property follows also directly from Theorem 9 below (with
the observation |z|” <1+ |z]|").
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Theorem 9 Assume 0 < p < oo, that B is an n-vector of positive real
numbers, and ag = cg/f! for each 3. Then condition (62) is equivalent to

o1 1, 0/16]
: e sl
g oo (gﬂ/llﬁl) BT =P (63)

and under these conditions on the coefficients the series (61) converges to an
entire function f in C™ satisfying the growth condition

lf(z)|=0 (exp lniBi |Zl|p]> as z — oo, forallp > 1 . (64)

=1

Conversely, if f is an entire function in C™ with growth condition (64) and
the expansion (61), then (62) and (63) must hold.

Before proving Theorem 9 we demonstrate how the coefficient conditions
of that theorem pertain to the Cauchy problem (59). A real valued function
f with an expansion (60) in R"™ can be viewed as the restriction to R™ of an
analytic function in C™ with the expansion (61). Accordingly, we may apply
Definition 8 just as well to real valued functions with expansions (60) valid in

R™.

Theorem 10 Under the hypotheses of Theorem 5 assume that the function
(60) has growth [m/ (m — 1), B], where

1 1 1
A e ) (65)
and 0 < 7 < oo . Then the series
1
u(z,t) =3, gﬁ, ps (2,1) (66)
5 b

solves the Cauchy problem (59) in the strip
Ss={(z,t):x€R", tel, |t|<s} ,

where

-1
A -1 m—1
s=— |1+ )3 S () o

m - mT
acA , o mixed , |of=m

Moreover, the series (66) and its sum u (x,t) have the convergence and regu-
larity properties described in Theorem 6.
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Proof: Under the hypotheses of Theorem 5, and the assumption of validity
of Theorem 9, the equivalent growth conditions (62) and (63) on f, with p =
(m — 1) /m and B prescribed by (65), imply

_ |Cﬁ|m/llﬁll meAB/BI A, 1
lms—co =571 Lt 2 carm | S5

‘ S
acA , o mixed | |jof=m

where s is given by (67). Thus Theorem 6 applies, confirming the stated
convergence properties of the series (66) and the regularity properties of its
sum u (x,t), and affirming as well the equation Lu = 0 in S;. The initial value

of u is o
u(x,0) = Zﬁlpgx() Z ¥ = f(z) . &
In [17] the following technical lemma is proved.

Lemma 11 If 0 <r,p < oo, then

Proof of Theorem 9: We use techniques adapted from [2, 6, 22].
First, from (12) it follows that for any multi-index 3 in R",

5181 < g1 < @O IBlen TT /5 71 .
B < Bl < B €i:Hl 5

From this inequality and the observation

Hﬁn_wo( HW)MWH

=1

it is readily checked that (62) is equivalent to (63).

Next we assume (62) holds on the coefficients of (61), and we show that
the series converges to an entire function f satisfying (64). Given fixed n > 1,
(62) implies that for some positive constant M and for all [,

(nep)llﬂll/p BB/p
ﬁﬂ/p

lag| < M

Then for the series (61) we have the bound

181/ 6/
1@< M

#
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{(nepBy) " |21}
ﬁzﬁz/P

~ vy I

B1,682,+,8n=0 i=1
Bi
o {(nepB:)” |z}

- MIIY

i=1 ;=0

ﬁlﬁz/ P
We apply Lemma 11 to each of the n sums to obtain

If ()] < MI[(©@™nepBi |zl + 2) exp [nB; ]2l
1=1

= Mexp [nz B; |zi|p] H (2PnepB; |z +2)
i=1

i=1

0 (ex0 1Y 51151

i=1

Replacing 7 with /7, we obtain (64). Clearly f, the sum in C™ of a power
series, is entire.

Finally, we suppose that f is entire in C™ with the expansion (61), and that
(64) holds, and we verify (62). Given n > 1, (64) implies there is a positive
constant M such that

1)< Mo 03 Bilal| (63

By the generalized Cauchy inequality for analytic functions in C™ (see [18],
Theorem 2.2.7), for any multi-index 5 and positive vector r = (11, -, 7,),

6] :
sl = 07 (0)] < ssup {|f ()] ¢l < i 1<i<n}
With the bound (68), this inequality leads to

les| < Mp! H ri_ﬂ" exp [nB;ri¥] . (69)

i=1

We choose the positive constants r; so that the right side of this inequality is
minimized. If 3 > 0 we choose r; = {3;/ (7 B;)}'/? to obtain

Bilp
— B epnB;
ri % exp [nBiri’] = 7( 5i/)p )
i
while if 3; = 0 we observe that
(epnBy)™?

. —Bi Pl =1 =
tg v M esplalins) =1 = g
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Thus, (69) implies

|Cﬁ\ = (epnB;
|alﬂ S H Bﬁz/p

)ﬁz/p B,@/p

- M (epn)”ﬁ”/p ﬁﬁ/p

i=1
From this inequality it follows that

' B8/118 |aﬁ|p/llﬂll
limg—ce =g — S 7€p -

We let  approach 1 from above to obtain (62). &
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