POINCARE INEQUALITIES AND STEINER SYMMETRIZATION

PEKKA KOSKELA AND ALEXANDER STANOYEVITCH

ABSTRACT. A complete geometric characterization for a general Steiner symmetric
domain 2 C R™ to satisfy the Poincaré inequality with exponent p > n—1 is obtained
and it is shown that this range of exponents is best possible. In the case where
the Steiner symmetric domain is determined by revolving the graph of a Lipschitz
continuous function, it is shown that the preceding characterization works for all
p > 1 and furthermore for such domains a geometric characterization for a more
general Sobolev—Poincaré inequality to hold is given. Although the operation of
Steiner symmetrization need not always preserve a Poincaré inequality, a general
class of domains is given for which Poincaré inequalities are preserved under this
operation.

SECTION 1: INTRODUCTION

Let © be a domain in R™ (n > 2) with finite volume: m,(2) < co. Given an
integrable function u on €2, we let ug denote its average value on (2, i.e.,

uQ:/Qu(x) dz.

For each number p, 1 < p < oo, the domain €2 is said to be a p—Poincaré domain
provided that
lu — uallzr (o)

M, () := sup
P u  |IVullze@)
where the supremum is taken over all nonconstant functions u in the Sobolev space
W1P(Q). Thus p-Poincaré domains support the p—Poincaré inequality:

/\u—ug\pdng/\Vu\pda:.
Q Q

By the density of smooth functions in W1P(Q) ([19], [8]), the Poincaré inequal-
ity need only be checked for locally Lipschitz continuous functions. The Poincaré
inequalities are prototypical examples of Sobolev inequalities which are extensively
used in PDE and related fields, see [18], [1], [26], and Chapter 7 of [11]. The
geometry of Poincaré domains is quite complicated and a complete geometric char-
acterization remains an elusive unsolved problem, even for the case of a simply
connected planar domain (see, however, [13]). Notice that there is not much hope
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for a general geometric characterization since for example the removal of a closed
set of vanishing (n-1)-dimensional measure from a p—Poincaré domain results in a
new p—Poincaré domain. We will mostly be dealing with the p—Poincaré inequalities
when p > 1. The “isoperimetric” case p = 1 is more tractable, see [12], [18] and
[25]. For information on Poincaré type inequalities in case p < 1, see [5]. We point
out that iteration arguments can be used to show that certain local inequalities im-
ply a corresponding global inequality in smooth domains and even in domains that
satisfy a twisted interior cone condition (John domains)-see [3], [6], and [14]. For
sufficiently “nice” domains (smooth or uniform, for example) a Poincaré inequality
can also be shown by extending the functions to all of R™, see [7], [13] and the
references therein.

In this paper we will give a geometric characterization of p—Poincaré domains
where we restrict to the class of Steiner symmetric domains 2 C R™. Our charac-
terization will work only when p > n—1, and will depend on the Euclidean distance
function:

bo(T) = dist[z,0 Q).

In order to formulate our results, it will be convenient to split the coordinates of
a point @ = (r1,&2,--- ,&,) as (x1,2') where 2/ = (x3, 23, - ,x,) € R*"!. For
each t € R and any set A C R™ we define the cross section of A at level t as

Ai={reA:x, =t}
and the projection of A onto the x-axis as
Proj, (A) ={x e R: A, # 0}.

The Steiner symmetrization (with respect to the x;-axis) of the domain 2 is the
domain

O = {(:(:,x’) cRxR"!:|2/|"7t < mnl(Qx)} )

where w,, denotes the volume of the unit ball in R": w, = m,(Ball"(1)). The
domain (2 is said to be a Steiner symmetric domain (with respect to the z;-axis) if
Q = *. We will also make use of the so-called k), metric on 2 which is defined as
follows:

Wn—1

RGN ) ds BRI
k?(x,y)=1gfLW (z,y €9Q),
where the infimum is taken over all rectifiable curves ~ joining Z to g inside Q
and the integration is with respect to arclength. The £, metrics have been used
by Gehring and Martio [10] and by Smith and Stegenga [23]. Observe that when
) = Q" is a Steiner symmetric domain then the z;-axis is a geodesic for kz? so that
for t1,t; € Proj, (€2) we have

. / / t2 dt
ky ((t1,0), (2,0)) = / Sa(t,0)n—D/(p=1)

t1

Also, whenever 0 € Proj, (€) then for each x € Proj, (€2) we can define T'(€2,)
(here T stands for “tail”) as a component of Q \ 2, which does not contain (0,0’).
Except when = 0 there is only one such component. We are now ready to state
the first of our three main results.



Theorem A. (Geometric characterization of Steiner symmetric Poincaré domains)
Let Q C R"™ be a Steiner symmetric domain of finite volume. We assume

Q={(z1,2) ERxR" ' : [2| < p(z1)} =

with |p] < M < co. We may assume ©(0) > 0. Let n —1 < p < co. Then Q is a
p—Poincaré domain if and only if

(1) sup kS ((0,07), (2,01)" " my, (T(2)) < oo

z€Proj,, 0

Furthermore, if p=n — 1 and Q is a p—Poincaré domain then (1) remains valid.
Finally, for each p € (1,n — 1] there is a Steiner symmetric domain Q@ C R™ of
finite volume which is not a p—Poincaré domain but for which (1) is valid.

The operation of Steiner symmetrization is a natural one for many problems in
PDE. For connections of the Steiner symmetrization as well as of types of sym-
metrizations with such problems, three good references are [2], [16] and (the clas-
sical) [21]. Each of these contains an extensive bibliography. In particular, when
p = 2, the p—Poincaré constant M, (€2) is the reciprocal of the square root of the
smallest positive eigenvalue for the Laplace operator with Neumann boundary con-
ditions on Q-see [8], [17], §4.10 of [18] and §4 of [24] for more on this connection.
In 1948, Pélya proved [20] that the smallest positive eigenvalue for Laplace’s op-
erator with Dirichlet boundary conditions on 2 will never decrease under Steiner
symmetrization. The corresponding result is no longer true if Neumann boundary
conditions are to replace those of Dirichlet. In fact there exists a domain 2 C R?
which is a p—Poincaré domain for all p but whose Steiner symmetrization Q* fails
to be a p—Poincaré domain for any p (see Example 6.10 in [22]). Our next result is
a direct extension from two to any number of dimensions of one of the main results
in a recent paper by Smith, Stegenga, and the second author (see Theorem C of
[22]). It gives a class of domains for which the Poincaré inequalities are preserved
under the operation of Steiner symmetrization.

Theorem B. (Steiner symmetrization preserves Poincaré inequalities). Let ) C
R"™ be a domain satisfying

Q, = {2} x Ball"! (@ go(x)) (x €R)

where 7 : R — R* ' and ¢ : R — [0, M] (M < o0). If Q is a p-Poincaré
domain with n —1 < p < oo then so is its Steiner symmetrization 2.

Finally, we give a more restricted class of Steiner symmetric domains for which
the characterization of Theorem A remains valid for all p > 1. These domains
) will be obtained by revolving the graph of a Lipschitz continuous function ® :
R — [0, 00) about the z;-axis. In fact, for such domains, we obtain the following
geometric characterization of a more general Sobolev-Poincaré inequality.

Theorem C. Assume that ® : R — [0, 00) is Lipschitz continuous and

Q={(21,2") ERXR" i |2/| < ®(21)} = Q"
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is a domain of finite volume. We may assume ®(0) > 0. Let p and q be positive
numbers satisfying 1 < p < q. If p < n we assume also that ¢ < n”—f;. The following
are equivalent:

(i) There exists a positive number C such that the inequality
lu = ug|[Lse) < ClIVullLr o)

holds for all Sobolev functions u € W1P(Q).
(i)

Q3

< 0

max{0,z} p—1
sup (/ ]@(s)\(l_”)/(p_l) ds) M (T(Q2z))

zEProjx, () min{0,z}

Note that since ® is Lipschitz, ®(s) and dg(s,0’) are always comparable, so the
quantity in the above supremum is comparable to the corresponding quantity in
Theorem A.

This paper is organized as follows. In Section 2 we formulate some preliminary
lemmas which will be needed in the proofs of the principal results. Section 3 gives
the proofs of Theorems A and B. In the final Section 4 we prove Theorem C and
also construct a simple example to show that Theorem A cannot in general remain
valid if the p—Poincaré inequality is replaced by the more general one considered in
Theorem C (with g > p).

We invoke the customary conventions regarding constants. The same symbol
for a constant may take on different values at different occurences. If we wish to
stress that a constant C' depends only on certain parameters, say p and n, we write
C = C(n,p). The notation C' < D shall usually indicate that C' is dominated by an
absolute constant A times C' (C' < AD), although in some proofs for convenience
we may allow A to depend on certain parameters if it is well understood that D
may depend on these parameters as well. The notation C' ~ D is equivalent to
C <D and D < C. For example, if |t| < m/2 then sint =~ ¢.

SECTION 2: LEMMAS

Here we gather an assortment of results needed to prove the main theorems. We
begin with the following Sobolev-type embedding theorem which is a consequence
of inequalities (7.34) and (7.41) in [11]. See also Lemma 1.7 of [4].

Lemma 2.1. If B C R" is a ball of radius R, p > n, and u € WYP(B), then

) = ate)] < Clnpler ol 5 ([ (Fupa )

for all x1 and x5 in B.

Our next two results provide additional formulations of the p—Poincaré inequality.
In formulating the first result it will be convenient to introduce the following class
of functions.

Notation. For a domain 2 C R", we let Lip;,.(S?) denote the class of functions
on ) which are locally Lipschitz continuous on €.
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Lemma 2.2. Let Q@ C R" be a domain of finite volume, By = Ball"(xg,79) C Q
with ro < 360 (z0). Letting

o lulPdz |
Mp.aBo) =sup {W € (Lipyoe NWP)() \ {0} and u =0 on By

mp(u=1) _
N} o(Bo) = Sup {W s u € (Lipy,, "WHP)(Q)\ {0}, 0<u < 1,u=0 on Bo}

we have ME(2) < c(n, p) M (Bo) and MY (Bo) < c(p) N2 o(Bo) S (sl ) ME(S).

The proof is accomplished by a series of “truncation” arguments of the type often
used in PDE. A good general reference for such material is the treatise by Maz’ja
[18], where the results combined in Lemma 2.2 can be found. For the convenience
of the reader we briefly sketch the ideas involved in the proof.

The first inequality of the Lemma follows by decomposing v = u — u(3/2)B, as
v = Yv + (1 — Yv) where 9 is an appropriate cut-off function and then applying
the Sobolev and Poincaré inequalities for v and finally using Lemma 2.3 below.

For the second inequality, let u € Lip,,.(2) N W1P(Q) \ {0} with u = 0 in By.
We must show that Ry (u) := [, |ulP dz/ [, |[Vul? de < Npa(Bo).

For j € Z, define

Aj={zeQ: 27" <|u(z) < 27}.

We may write

() /Q P dz = 3 297 (A;).

JEZL

Define for j € Z

v;(z) = maX{O,min{l, M}} :

27—1
Differentiating, yields

|Vu(z)]277 if x € A

3 Vo, (z)| =
) voial =1 | Yy
Note that for each j, v; € (Lip,,, "W1P)(Q)\ {0}, 0 < v; < 1 and v; = 0

on By. Whence m,({v; = 1}) < N} o(Bo) [|Vv;[Pdz. Using this inequality
Q
and then (3) we obtain m,(4;) < m,({vj-1 = 1}) < NJ o(Bo) [ |Vvj_1|Pdzx <
Q

N7 o(Bo)2 =97 [ [Vupds.
Summing up by using (2) gives

/ |ulPdx < c(p)NiQ(Bo)/ |VulP dx
Q Q

as desired.
The last inequality follows from Lemma 2.3 below.
5



Lemma 2.3. Let Q CR"” be a p—Poincaré domain, 1 < p < oo and A C ) be any
measurable subset of positive volume. For u € W1P(Q), we have

vz < e(p) Y g ulPdi
[ = uape < e 2@ [ Valrs.

The proof of Lemma 2.3 is accomplished by adding and subtracting ug from
u—u, and then using the triangle inequality and Holder’s inequality. We omit the
details.

In order to deal effectively with Steiner symmetric domains 2 = Q*, we will
need to “discretize” the function dg(x,0’) (z € R, 0" € R"1) along the central
axis. The following result, whose proof relies on a Whitney type decomposition
argument, will accomplish this for us.

Lemma 2.4. Let Q = Q* CR"™ be a Steiner symmetric domain. Write (aq,bq) =
Proj,, Q. There exists a sequence (a;)icr with I C Z an interval, such that

ag < a; < a;y1 < bg
for each i € IN (I —1), and for each x € (agq, bq), we have

min dist [(z,0), [09],,] < 26q(x,0').

iel
Furthermore, if a;_1 < x < a; we have

min _dist [(2,0), [09Q],,] < 26a(z,0")

jefi—1,4}

provided i ¢ {0, 1}.
Finally, for any given xo € Proj,, §2, the construction can be made in such a

way that dq(xo,0") = dist[(zg, 0"), [02]a,]-

Proof. Fix z¢ € (aq,bq). For brevity we write dq(z) for dg(z,0).
Choose ag € [aq, bo| satisfying

dist[(20,0"), [0 ag] = e (z0) =: do .

Observe that if 0 < Ax < dq(z), the triangle inequality implies  dist[(z¢ +
Az, 0),[09]4,] < do + Az and dq(zo + Az) > §y — Az whence

dist [(zo + Az, 0'), [0Q]4,] < do + Ax
da(zo + Az) ~ o — Ax

so if Az < (3)dq(xo) it follows that
(4) dist [(zo + Az, 0'), [0Q]4,] < 26a(zo + Az).

Let Ay = inf{Ax : (4) is false} and put x; = 2o+ Ay. Note by the above comment,
Aoy > %69(%). If 1 = bg we need not construct any more a;’s (i > 0). Otherwise,
we choose a; € [agq, bg] satisfying

dist [(21,0'), [0Qa, | = da(z1) =: 61 .
The following claim shows that we must have a; > ag.
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Sublemma. If a; < a; and (x,0") is closer to [0Q]a, than to [0Q]a, then so is
(t,0") for allt < x.

(The proof of the sublemma is an exercise in elementary plane geometry, we omit
the details.) Indeed, if it were to happen that a; < ag then by the sublemma and
the properties of ag and a1, we would have

dist [(20,0"), [0Q]a, | < dist [(21,0), [0 Qa,] = da(zo)

which is impossible, so indeed a; > aq.
We put

Ay = inf {Az : dist [(z1 + Az, 0'),[0Q)a, | > 260 (z1 + Az)}

and 9 = 1 + Aq. If 29 = b stop this construction, otherwise we proceed as
before to seek to obtain as > a; having the same relationship to xs as a; did
to x1. We continue this construction iteratively (and perhaps indefinitely) in the
same fashion to construct a desired sequence (a;);>o. The fact that at each step,
Ay > %59(@%) guarantees that zp  bo. We can similarly construct a sequence
(a;)i<o. By combining these two sequences, we obtain a sequence (a;);cr, which by
virtue of the construction, clearly satisfies all of the desired properties except for
the last inequality.

We now establish the last inequality of Lemma 2.4. By symmetry we may assume
that ¢ > 1. Fix = € [a;—1, a;], and choose k € I such that

Ijnel}l dist [(x,()'), [89]%}

is attained when j = k. We must show that k£ € {i — 1,1}, and we shall accomplish
this by method of contradiction.

Case 1. ap, < a;_1.

Regardless of where xj, is located, be it x; < ap or xx > ay, it follows from the
construction of the sequences (a;),er and (z;)jer and simple plane geometry that
Tht1 > T.

We now have

(5) ar < apy1 < i1 <T < Tpgq.

Since (by choice of k) no points (a;, p(a;)) can lie inside the (two dimensional)
semi-circle with center (z,y) = (z,0) and radius dist [(Z,0), [09],,], we must have

(6) plact1)? > (@ — ar)” + p(ar)” — (T — ars1)™.

Also by virtue of the construction, we can write

(7) dist [(zx41,0"), (ar, p(ax))]* = 4dist [(2x11,0'), (anri1, (ari1))] -

If we estimate the right side of (7), using (6), then use the inequality: (7 — ax)? >
(T — aps1)? + (ags1 — ax)?, and finally the triangle inequality we obtain a contra-
dictory inequality. This shows that Case 1 cannot occur.

Case 2. aj > a;.
The treatment here is similar to that in Case 1. We omit the details. [ |
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Lemma 2.5. Let R be the cylinder defined by
R={(z1,2)) e RxR" ' |21| < M and |2'| < M}.
If p>n—1 then

sup kf((0,0'), (b, 0/>)p71mn (RN {1 > b}) < C(M,p,n).
0<b<M

Moreover if p < n — 1 then this supremum s infinite

Remark. The last statement of the Lemma shows that a principal result [Theorem
A] in [SmStSt—P| used to prove another main result [Theorem C] therein which
s the two dimensional analogue of our Theorem B here, cannot be generalized to
n > 2 dimensions without assuming (at least) p > n — 1.

Proof. Define ®(b) := kE((0,0'), (b,0")" 'm, (RN {z1 > b}). We have (b) =

M s -1 n—
C(")( M—b W)p (M —b)M™1. Now

M 1—n=1 1_n=1 .
ds M“"r 1T —(M—=b)y"»1| ifn#p

_, s =1/ log =737+ ifn=p.

M

Case 1. n =p.

Case 2. n # p.
Let v = (p—1)(1 — ZT_D +1=p+1—n. We have ®(b) < C(M,p,n) +
C(M,p,n)(M —b)" < C(M,p,n) for all b € (0, M) if and only if v > 0, i.e.,

p>n-—1. |

SECTION 3: PROOFS OF MAIN RESULTS

In this section we shall prove Theorems A and B.

Strategy of Proofs. We first show sufficiency of the supremum (1) being finite for
the p—Poincaré inequality to hold on Q*. Next we show that for any domain (2
satisfying the conditions of Theorem B (in particular, if Q = Q* is as in Theorem
A), the supremum in (1) (for 2*) being infinite will cause the p—Poincaré inequality
on Q to fail (n —1 < p < 00). This will establish the necessity part of Theorem A,
and also (in light of the previously established sufficiency for Theorem A) at the
same time prove Theorem B. We finish the proofs by giving counterexamples which
demonstrate that the range of exponents coverered in Theorem A is sharp.

PART A: Condition (1) implies Q* is a p—Poincaré domain. (n —1 < p < o).
By Lemma 2.2 we need only check that if u € (Lip,,. "W1P?)(Q), satisfies 0 <
u<1and u | By = 0 where By = Ball"(() ,%69(0)) then mn({u = 1}) <

N [ |Vu|Pdz for some finite positive constant N.
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For convenience we introduce some more notation. We write 2 for Q* in the
remainder of this proof. For s > 0, QF = {(:L‘,:l:’) eN:x > s}, for s < 0,
Q; ={(z,2') € Q: 2 < s}. We write A= {u =1}, and define

N —

Al =AnN U Q; where T} = {t:u(t,a:') <

/
for some x }
teT,

1
Ay = AN U Q; where Ty = {t cu(t, ) > 5 for all x'} )

teTs

Now, let ¢ € T; and assume that Q; N A # (). Therefore oscq, u > % SO we can
apply Lemma 2.1 to the restriction u [q, for a.e. such ¢ to conclude

< C(M, p) diam ()~ F (

1
1 P
|Vu|de”1> .
2 a,

Whence for such ¢ we have
/ \Vu|PdH" ™t > C(M, p)
Q4

and we conclude

mn(Al),s/ gp(t)”_ldtg/ M ldt
{tETllAﬂQt;é(Z)} {tETllAﬂQt;é(Z)}
< C(M,p) / |VulPdH™dt
{teT1:ANQ#0} JQy

§C’(M,p)/ |Vu|Pdz .
Q

We have left to obtain a similar bound for m,,(Az2). We put
sg =inf{s:0<s€T,ors=o0}

sy =sup{s:0>seTsors=—o0}.
Certainly we have (letting QI = Q- = 0)

my(Ag) < mn(Q;}) +ma ().

0

We will prove that mn(QSﬁ) < N [, |[Vu|Pdz. The corresponding inequality for
0
m.,, (Q7_) is proved in the same fashion. Let t > si, t € To. We must show that

S0

(8) my, () < N/Q |Vu|Pdz .

Case 1. Q; N %Bo # ().



Let 2’ € Ball" ™" (0, 300(0)). Then for a.e. such 2/,
1 _ /t 2 (
— —u
2~ 0 6:1:1

< (/Ot }Vu(s,x')}pds)% £

s, z')|ds

Thus
t
[ 1vuts.apds = Coisa)
0
so that
t
/ |VulPdz > / / ’Vu(s,x’)’pds dH" (")
Q Ball®~1(0/,160(0)) JO
> C(n,p)oa(0)"~P
and thus

My, () < m,(Q) < C(n,p) 7::((;20)) (SQ(O)T’/Q |VulPdz

§C’(n,p,M)g:((§0))/Q\Vu|pdx.

Case 2. QN %Bo = 0.
It certainly would suffice to prove (8) with u being replaced by

u(x) ifxg <t

max{3,u(z)} ifz >¢t.

U(x) = (ar, 2') = {

Because of this we may assume that u > % throughout ;. Let Qo be a largest
possible cube of sidelength ¢(Qg) € S := {27" : n € Z} which is centered on the
xr1—axis and lies in By. Adjacent to the right face of )y we construct another cube
()1 which is also centered on the x;-axis and whose side length ¢(Q1) € S is as large
as possible so that 2Q); C 2. Next construct a cube ()2 adjacent to the right face
of ()1 in the same fashion as ()1 was constructed from ). Continue in this way to
construct a chain of cubes (Q;)Y, where £(Q;) ~ dqo(z) for all z € Q; such that
QN C Qg— but QN—l ¢ Qg_ Now for each 7 < N, since E(Qz) ~ K(Qﬂ_l), Qz U Qi—i—l
is a dilation of one of a finite collection of p—Poincaré domains consisting of a unit
cube with a smaller cube attached to and centered on one face (any domain G with
boundary dG of class C is a p—Poincaré domain for each p € [1, 00) — see for example
[9] Theorem V.4.19). Therefore M,(Q; U Qi+1) ~ ¢(Q;) and by invoking Lemma
10



2.3 we obtain

(9)
1 N—1
9 < ‘UQO _uQN‘ < Z ’uQi _uQi+1’
0
N—1
0y o e
0
N—1
.
< u—ug,.,|dr
= ; mn(Qz) QlquJ’_l | Q1+ |
N—1
I mu(QiUQi1)
< C(n,p) 0(Q;) / |Vu| dx
2 @) @) o
V|
=C(n p)/ o —dr
) g, Gy
< C(n,p) (/ \Vu\pdl’) ! / # -
Q uQi Og(x)»=1P
Now
t ¢
/ dx o ) / ds /
a1, = Clnyp - = -
o, Sl ) dals,0) i) 3 dals, 005

Letting L < oo denote the supremum in (1), we obtain from (9) that

ma () < LES((0,00), (¢,01))' 77

1—
— L /t# ’
0 59(370/>E

SLC(n,p)/ |VulPdx .
Q

This establishes (8) and completes the sufficiency proof of Part A. We point out

that this type of “chaining argument” which we used in Case 2 is by now standard,
c.f., [14], [15], [23]. [ |

Remark. The proof shows that

N7 oBo) < Clnp M) 200 4 LC )

so by Lemma 2.2,

MZE(Q) < C(n, M, p) ;‘”(gzo)) + LC(n, p)
11




where L denotes the supremum in (1).

PART B: If the supremum in (1) is infinite (for Q*) then  is not a p—Poincaré
domain (n —1 < p < 00).

Without loss of generality, we may assume that the supremum in (1) is assumed
for x > 0, i.e., that

(10) sup kS ((0,07), (b,01)" 'm () = o0

b>0

We invoke Lemma 2.4 to obtain a sequence (a;);c; with the properties listed
therein, and with xg = 0. In particular

dist [(0,0"), [09*]4,] = da<(0,0") .
For i € I, i > 0, define the set

A ={z=(21,2') ERxR" ' : 21 € (¢;_1,0;) or z1 = aj and 2’ € Qy,

with j =4 — 1 or i}.

We also write k(z1,xs) for k;z* (21,0, (z2,0")).

Lemma. For each v € I, © > 1 there exists a Lipschitz continuous function f; :
A; — R having the following properties:
(i) filaj—1,2") =0 for all (a;—1,2") € Qq,_,,
(i) fi(ai,x") = ¢; for all (a;,x") € Qqu, where Cy(n,p) < W < Cs(n,p),
and

(i) [, |V fi| dx < C(n, p)r(a;-1,a;)
Proof of Lemma. Let Aa; = a; — a;_1.

Case 1. Aa; < 5min{p(a;—1),¢(a;)}.

We perform the construction of f; in case ¢(a;—1) < ¢(a;). The construction
in case p(a;—1) > ¢(a;) can simply be obtained by the present construction by a
reflection. In this case, by Lemma 2.4 we have

da«(2,0") ~ ¢(a;_1) for a;_1 <z < a;

so that

4 dS _(n—-1)
(11) ﬁ(aiflaai) = / T~ Aa; 90(6%—1) (r=1) ,
a;—1 55:1

The definition of f; will be symmetric about the axis x;; which is parallel to
the x; axis and passes through the center of 2,, , meaning that on each 2-plane
containing the x; ;—axis, the definition of f; will be the same. Fixing such a 2-plane
we may now think of f; as a function of two variables x; ; and y : fi(x1,,y). We

12



need an auxiliary linear function A : R — R which is specified by X (¢) = —1 and

y-axis

A

¢ (a.1) +Aa,

o(a,)

>X1,i -axis

FI1GURE 1. Defining the function f;.
Referring to the regions defined in Figure 2, we define f; as follows:
F(z1;) = fi(x1,,0) = (1, — ai—l)@(ai—l)_(n_l)/(p_l)
on Gi : fi(w1,4,y) = F(x1,)
y —plai—1) y — ¢(ai-1)
Oi: fi(z1,y) = Flz,) |1 - ———— | + Fla) |=—7—-———
on Oy filensy) = Flan,) [1 - P20 |y a1
on R;: fi(z1,,y) = Fla;),
and for y < 0: fi(z1,5,y) = fi(z1, |yl) -

Only property (iii) needs checking. To facilitate the computation we drop the
subscript ¢ from f;, x;; and further let G, O and R denote the partition of A;
obtained by revolving G;, O; and R; respectively about the z; ;—axis.

On G, ’Vf(:l:l,x’)’ = F'(z;) = ¢(a;)~"~D/(P=1) 50 that (using (11))

/ Vf["dz ~ SO(Gi)n*l*p(%)Aai
a

= Aaq; gp(ai_l)_(zj)
~ /{(ai,l,ai) .

On O, letting r = |z’| we have,

faur(21,2") = F'(21) [1 - go(xl)} + F(x1) — F(a;)

)\(.Il)
fr(z1,2") = [F(a;) — F(1)]

(12)




Hence

a;
/ P ~ /
O a;—1

But since F'(t) ~ p(a;_,)~ "~ V/P~1 (q;_; <t < a;) and since

(Mwi) + @(ai))" " = p(a:)"

p

F(az) — F(.771> [()\(xz) + go(ai))n_l — gp(ai)nil dx .

)\(.771)

-1 < (n—1)(Aa; + go(ai_l))”_2Aai
< plai—g)" !

we may conclude just as above that
/ |frlPde < k(ai—1,a;) .
o

We have left to estimate [, |fz, [P. By (12) we can write (since ||2’| — ¢(a;—1)| <
A(zq) for (z1,2") € O)

|F(x1) — F(a;)]
)\(.771)

The LP(O)-norm of the first term is comparable (since Aa; < p(a;—1)) to
| F'(21)]| r(c) which was already shown to have the desired bound. The second
term is just f,.(z1,2’) whose LP(O)-norm was already estimated.

Case 2. Aa; > 5min {¢(a;—1), p(a;) }.
As in Case 1, we assume ¢(a;—1) < ¢(a;), and we let the x; ;—axis be the axis
pointing in the same direction as the z;—axis and passing through the center of

Qq, ,. Let a; be the ordinate on the 1 ; axis which is equidistant to [6 Q} . and

to the (n — 1)-plane z; = a;. Put ﬁai = a; — a;_1. For the remainder of Case 2,
we shall express arguments of f; by using the special coordinates in R™ : (z1, 2');,
where x; € R is the position on the x; ; axis and 2’ € R”~! denotes the coordinates

| fy (21, 2)| < F'(21) +

on the other n — 1 axes which all pass through the z;; axis at (0,0"); = ﬁz We
now define f; as follows:

on Az N Ball” ((az;l, Ol)i, go(az;l)) : fz = O,

on Mz = Az N Ball” <(CLZ‘,1, O,)i’ ACLZ) \ Ball" ((ai,l, Ol)i, go(az)) :

fz(?z) = k(a;—1 + ¢(a;—1),r) where

r = ‘Ez — (ai,l,O')i}, and
on Az \ Balln ((ai_l, 0/),3611;) . fz(?z) = fz (au Ol)z .

With this definition certainly (i) holds and since Aa; > 5¢(a;—1) we have £(a;—1 +
olai—1),d;) ~ k(ai—1,a;) ~ k(a;—1,a;) (recall p(a;—1) < ¢(a;)) whence (ii) holds.
To verify (iii) we compute using polar coordinates.

Observe that on M;, (using Lemma 2.4)

)sz(?z) )—(n—l)/(P—l)

= dq+ (ai—1 47,0’
14



(the arguments of do+« here and below are with respect to the standard coordinate
system, as opposed to those of f;.)
Whence, noting that for r € [gp(aifl),iii — az;l}, r & O (aifl + 0’), we have

[ viPae= [ |9hfas
Ai Mi
Uy — a1 n—14
= C(’n)/ T L n—1
¢lai-1)  Oq(aj_1 +r,0)r=1?

@i —ai-1 (n—1)

~ C(”) / (SQ* (ai_l -+ T, O/>7 (p—1) d’]"
w(a;—1)

< c(n)r(ai-1,a;) .

This completes the proof of the Lemma.

Consider the following restricted supremum of (10):
(13) Lo = sup (0, a;)? " 'm, Qf).
i>0

In order to show that 2 is not a p—Poincaré domain, by Lemma 2.2, it suffices to
construct functions F' € (Lip,,. "W1P)(Q) \ {0} satisfying F(x1,z") = 0 whenever
x1 < 0 and which have arbitrarily large Rayleigh-Ritz quotients:

Ry(r) = ME = 1)
Jo |[VF|" dx
Case 1. Ly = oc.
Fix i > 1 large enough so that x(0,a;) < $x(a1,a;). Note that by (10) it follows
from Lemma 2.5 that the set {a; : @ > 0} of Lemma 2.4 is necessarily infinite.
Although this fact is an immediate consequence of (13) it is important to realize

(since we will also need it in Case 2) that it does indeed follow from (10). Define
G;: Q22— R by

7j—1
fi(z1,2") +k22ma,xfk ifaj_1 <z <ajand 1<j<i,

Gi(z1,2) = 0 ifr <ay
Gi(ai, 0’) if ¢ > Q; .

Then G; is globally Lipschitz continuous on €2 and by the Lemma,

max G; = Zmax fi = k(0,a;) while

2
/ }VGi}p dr = Z/ }ij‘p dz < k(0,a;) .
Q 5 J A,
Thus letting F; = G;/ max G;, we have
_ +
RN(FZ) _ My, ({FZ 1}> > Mnp (Qai)

B Jo |VE| dx ™ K(0,a;)7P+!
15




so by (13), sup Ry (F;) = oc.

Case 2. Ly < .

Let K > 0 be a large number. We assume in particular that K > 7Ly where
7 > 0 is a large positive number. Lower bounds on 7 shall be specified later, as
needs arise. By (10) we obtain b > a; such that

5(0,0)P " 'm, (QF) > K .
Choose i such that
a1 <b<a;.
We also assume that ¢ is large enough (which can be converted into a requirement
on the size of 7) to insure that

(14) Aa; < a;—q.

Since by construction Aa; < 2M for each i, if supa; = oo certainly (14) will
eventually hold. If supa; < oo then since (a;);~o is an infinite set, we must have
Aa; — 0 and once again it is obvious that (14) will eventually hold.

Next, since for b > 0

K < 50,0 (@) < e(p) [5(0, ai1)P~" + ki1, )"~ ma ()
< c(p)[Lo + K(ai—1,b)P 'mn ()]

we have

(15) K(1—clp)t™") < cep)r(ai—1,b)? 'my, ().

It will now be convenient to split the remainder of the proof into two subcases as

in the proof of the Lemma.

Subcase 2a. Aa; < 5min {¢(a;_1), p(a;)}. In this case, by (14) (and using Lemma

2.4 to estimate k) we have

m(ai,l,b)pflmn(Q;) k(0,a;—1)P" mn(Q;)
N

S
< /0, a;—1 )P ma (9, )
< Ly
o (15) would yield
K(1-c(p)r™") < e(p)Lo < clp)r 'K .
This inequality will be contradictory as soon as 7 is sufficiently large. Subcase 2a

is thus dealt with.

Subcase 2b. Aa; > 5min{p(a;—1), p(a;)}.
Let a; = %(ai,1 + ai).
As a first reduction, we show that we may assume b > @; and

(16) (i) p(a;) < plair) and (i) K(ai—1,b) < k(@ D)
16



Indeed, first of all, from (14) we can conclude

(17) K(ai—1,a;) < c(n,p)r(0,a;-1).

Now, if (16) were false then we would have

(18) k(ai—1,b) < 2k(a;—1,a;).

But we could then conclude from (15) using (17) and (18) that
K1 —cp)r™") Sk(0,a1)ma(Qf ) <77'K

so once again, if 7 is sufficiently large, we would have a contradiction so (16) is
established.
Since
ma () < c(n)(a; —b)M" " + mn(Q;:)
we can use (15) and (16) (i) to deduce that
K(1—cp)r™") < rlai—1,b)P m, ()
(@i, 0)P ™ ' mn ()

K(0,a;)P " mp (QF ) + K(@;, b)P (a; — )M .

(19)

[ ZANRZANRZAN
=

We introduce the cylinder R; about the x;—axis having radius M and projection
[a; — 2M, a;] on the zj—axis. Note that a; > a; — M (since Aa; < 2M) and
consequently (by Lemma 2.4 and (16 (ii)))

b ds
H(a%b) 5/ _ _
@, dist [(s,0), [pQ+] "D/

a;

< k" (@0, (6:0)) -

Combining this inequality with (19) and then applying Lemma 2.5, we obtain:

K(1—c(p)r™) S Lo+ k% ((a; — M,0'), (b,0))" "

<7t 'K+ C(M,p,n)

mn((Ri)J)

which is clearly impossible as long as K > C(M,p,n) and 7 is sufficiently large.
PART C.

An Example. This example will show that the range of exponents in Theorem A
1s best possible. We show that for each p, 1 < p < n — 1, there exists a domain )
in R™ for which the condition (1) holds but the p—Poincaré inequality fails.

Since we may assume n > 3, we have

1 1

T < = — -
7 1+ 1
17




for each ¢ > 2. The Steiner symmetric domain €2 will be defined as in Theorem A
by the following function ¢ : [ -1, 1] — [0, 1}

1, ifl<cl—t<lgpi™mfori>2
p(t) = - '
1 —|t|, otherwise.

To see that (1) holds for this domain  and any p € (1,n — 1] we first observe
that 6q(,0") ~ 1 — [t| (|t| < 1) so that

ks ((0,07), (,01) & (1 — [¢)) e/ e=1)

On the other hand,

s <Q|Jg|) Sx <Q:|t|) ~ (1—1t)"

and hence we may conclude that the supremum in (1) is dominated by C 012351(1 -
P < 1.

In showing that Q is not a p—Poincaré domain for any p € (1,n — 1] we use
the explicit formulas for the p—capacity of a condensor determined by a pair of
concentric balls (see [Maz—85] §2.2.4). If we take the smaller (n — 1)-dimensional
ball to have radius r < % and the larger one to have radius

{27“, ifp<n-—1
R = '
Vr, ifp=n-—1,

these formulas give:

C Ball” '(r). Ball” (R e e
a,pp( a (T’), a ( >) - C(log%)2in, 1fp:n—1

This means that for each € (0, 3), there exists a function U, € W (Ball"~'(1))n
Lipjo, (Ball"~'(1)) satisfying U,(2') = 1 for |2/| > R, U,(2') = 0 for |2’| < r and

/ VU, ()P dH" () o e
T xr ) = 2—n .
Balln—1(1) C(log \/i;) , ifp=n-2.

Aside: In fact, such a function can be explicitly written down.

Now fix ¢ > 2, let r; = 1 and define a function u; € WP(2) N Lip, () as
follows:
U, (2), ifl<l—z<iqi™m

0, otherwise .

u(z,2') = {

Observe m,, ({u; = 1}) ~ i~ but [, }Vui}pdx = 0(i~"). Therefore by Lemma 2.2
we conclude that €2 cannot be a p—Poincaré domain.
This completes the proofs of the main results. [ |
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SECTION 4: AN EXTENSION TO A MORE GENERAL
SOBOLEV-POINCARE INEQUALITY

A useful generalization of the p—Poincaré inequality is obtained by using two
possibly different exponents on either side of the inequality.

Definition. A domain Q@ C R™ of finite volume is said to support the (q,p)—
Poincaré inequality (1 < p,q < o0) (or  is called a (q,p)—Poincaré domain) if
there exists a positive number C' such that

(20) |u —uallLa) < ClIVul pr o)

holds for all functions u € WHP(Q).

When p < ¢, (¢, p)-Poincaré domains have a concrete characterization which is
analogous to the one given in Lemma 2.2 for p—Poincaré domains.

Lemma 4.1. Assume that Q C R"” is a domain of finite volume, let 1 < p < q < 00
and let By C Q be a ball. Then Q is a (q,p)—Poincaré domain if and only if for
each function u € Lip,,.(Q) N WP(Q) which vanishes on By we have:

(21) my ({u = 1})p/q < D/Q }Vu’pdx,

where D is a fized positive constant.

The proof is similar to that of Lemma 2.2 (see [18] and [12]), we omit the details.
In light of this lemma and Theorem A, it seems quite plausible that for a Steiner
symmetric domain as considered in Theorem A and p > n — 1, the (¢, p)—Poincaré
inequality might be equivalent to the following inequality:

(22) sup kg((o, 0, (z, O'))pilmn (T(Qx))p/q < 0.
zEProj,, ()

The following example shows that such a result is not possible. (One could also
use a domain with an outward directed cusp of exponential order.)

Example 4.2. Fixp, 1 <p < .

We construct a domain @ C R"™ for which (22) holds for all q, p < q < qo,
qo > p, but on which the (q,p)—Poincaré inequality fails for any q > p. In fact, one
can take qo = np/(n — p) when p < n and q can be taken to be any finite number
when p > n.

Since the domain to be constructed is Steiner symmetric, it is enough to specify
a nonnegative function ¢(x1) which gives the radius of the (ball) cross—sections
Q. To define ¢ : [-1,1] — [0, 2] we begin by noting that for each i > 2 we have

- 1 1
27" < = - =
(i—1) i
Next we define
2, ifl<t<iqoi i>2
o(t) = S -
1 —|t|, otherwise.

19



To show that € is not a (g, p)-Poincaré domain for any ¢ > p, we will use Lemma

4.1. For this we construct, for each i > 2 a function u; € WHP(Q) N Lip,,.(Q) as
follows:

1, if z1 € (4

ui(ry,2') = 3(|2'| — 3), ifa € (

0, otherwise .

~),i>2and |2'| > 3
_i),iZQandgg\x'|§§

Note that }Vuz’ < ¢, where ¢y < 0o is independent of i. Whence we have

/ }Vui}pd:c ~ 27!
Q

and '
mp ({u; =1}) = 27°.

From these two relations we immediately conclude that (21) cannot hold on £ and
hence that Q cannot be a (g, p)-Poincaré domain for any ¢ > p. On the other
hand, using the fact that dq(z1,0) & 65 (21,0) (Jz1| < 1) where Q is defined by
the graph ¢(z1) = 1 — |z1], a simple computation shows that (22) holds for the
indicated values of g.

Despite the above example, there is a more restrictive class of Steiner symmetric
domains in R™ for which (22) is indeed equivalent to the (g, p)-Poincaré inequality.
This is the content of our next result which is a restatement of Theorem C.

Theorem 4.3. Assume that ® : R — [0, 00) is Lipschitz continuous and
Q={(21,2") ERXR" i |2/| < ®(21)} = Q"

is a domain of finite volume. We may assume ®(0) > 0. Then for p > 1 and
p < q<qo, Qisa(q,p)-Poincaré domain if and only if

1

(22) sup  k3((0,0)), (2,0))" my, (T(Qm))p/q < 0.

zE€Proj,, ()
Here qo can be taken to be n”—f; when p < n and q can be any positive number (> p)
when p > n.
Before going to the proof we record the special case of Theorem 4.3 when ¢ = p.

Corollary 4.4. If in Theorem A, the function ¢ is assumed to be Lipschitz con-
tinuous, then the conclusion will hold for all p > 1.

Proof of Theorem /.3.
Part I: Necessity of (22) for the (q, p)—Poincaré inequality.

In uniformly bounding the quantity inside the supremum of (22), we may assume
xz =1t > 0. Define
Jot @(s)/e=Ngs, 0 <z <t
G(z1,2") = f(f O(s)A=m/(P=Vgs,  if x>t

07 1f 1 < 0
20



and let F' = G/ maxG. Since
{F=1}=Qf , and

t
/]VF]pd:z;z/ O (s)m/ =D
Q 0

we get from Lemma 4.1 the inequality

¢ I-p
mn(Qj)p/q <D {/ q)(s)(lfn)/(pfl)ds
0

which is tantamount to (22).

Part II. Sufficiency of (22) for the (g, p)—Poincaré inequality.

We consider a function v as in Lemma 2.1. Let M = max®. Fix x; > 0 and
put B, = Ball" ((ml,O'), %59(961,0’)).
Case 1. uy, = mf&l u(z)dr < i. Letting Q(z1) = {(z,2") € Q: |z —
21| < 160(z1,0')}, we have fQ(m) lu — ug, [%dz 2 my, ({u =1} NQ(z1)). A simple

calculation shows that the formula ¥(z,2') = (=, i(a 1)) ') defines a bilipschitz
mapping on {2(x1) with a fixed bilipschitz constant (independent of x1) Cy which
can be taken < L? + 1, where L is the Lipschitz constant of ®. This means that,
for each pair (z,2'), (y,vy") € Q(x1) we have:

Cy'|(z, 2"y = ()| < |¥(z,2") — U(y, )| < Cu|(z,2") — (y,9')].

It is an elementary fact that bilipschitz mappings convert (g, p)-Poincaré do-
mains to (g, p)—Poincaré domains with comparable constants (for a slightly more
general result when p = ¢, we refer to [22] Lemma 7.1(d)).

Now, ¥(Q(z1)) is a cylinder with radius ®(x1) and length dg(z1,0") < &(x1) <
M. Since all such cylinders have Poincaré constants which are uniformly bounded
(they are bilipschitz equivalent to a ball), we may conclude that each Q(z;) will be
a (g, p)—Poincaré domain with a constant C' independent of z1. Hence

p/q
(/ U — Uy, \qu> S / |VulPdx
Q(z1) Q(z1)

and so

(23) my ({u =1} N Q(ml))p/q < /Q( ) ’Vu}pdx.

Case 2. ugy, > % Let t be the first such z;. In this case we can use a “chaining

argument” very similar to the one used in Case 2 of Part A in Section 3 to show
that

(24) mp Q)P4 ,S/ }Vu’pd:c
Q
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Since p/q < 1 we can take a sequence {t;};2, C Proj, (£2) such that Q = UQ(t;)
and Yxq,) < K < 0o on € and sum up the corresponding inequalities (23) and
(24) to obtain

my ({u = 1})p/q S /Q ’Vu}pda:

and the result is established. [ |
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