PLANAR POINCARE DOMAINS: GEOMETRY
AND STEINER SYMMETRIZATION

WAYNE SMITH, ALEXANDER STANOYEVITCH AND DAVID A. STEGENGA

ABSTRACT. We determine geometric necessary and sufficient conditions on a class
of strip-like planar domains in order for them to satisfy the Poincaré inequality with
exponent p, where 1 < p < oco. The characterization uses hyperbolic geodesics in
the domain and a metric which depends on p and generalizes the quasi-hyperbolic
metric in the case p = 2. As an application, we show that the Poincaré inequality is
preserved under Steiner symmetrization of these domains but not in general.

We also show that the our geometric condition is preserved under bounded length
distortion (BLD) mappings of a domain and thus extend the class of domains for
which our characterization is valid.

1. INTRODUCTION

For a b > 0, we call a connected planar domain €2 a b-strip provided that for
each real x the cross-section Q, = {y : (z,y) € Q} is either the empty set or else an
interval of length no greater than b. Obviously, a b-strip is simply connected since
every boundary point can be connected to infinity by a vertical ray.

Given a planar domain € with finite area, mo(2) < oo, we say that Q is a
p-Poincaré domain provided that

f lu — uq|P dmo

Q
= MP(Q
P [ IVulP dmo p () <o
)

holds, where the supremum is taken over all nonconstant functions w in the Sobolev
space W1P(Q) and ug denotes the mo-average value of u over . Meyers and Serrin
[MySer] have shown that C1(Q) N W1P(Q) is dense in W1P(Q), so one only needs
to consider such functions to establish that a domain €2 is a p-Poincaré domain.
We define a metric on €2 for each 1 < p < oo. The metric k, o on Q2 is defined
by
kP,Q(z17Z2> = H’;f\/ 61/?;_1) s
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where the infimum is taken over all rectifiable arcs « joining z; to zy in €, dqo(2)
denotes the Euclidean distance from z to the boundary of 2 and ds denotes inte-
gration with respect to arc length. The metric will be denoted simply by k, when
the domain of definition is clear. These metrics were introduced in [SmSt90], where
they were used to investigate the Poincaré inequality on domains in R".

Assume from now on that €2 is simply connected domain with nonempty bound-
ary. Then, € is conformally equivalent to the unit disk and hence we can define the
hyperbolic metric on {2 by means of this equivalence and the geodesics in this met-
ric are just the images of the real axis under the class of Riemann mappings onto
). Observe that when p = 2 we have that k5 is the well-known quasi-hyperbolic
metric introduced by Gehring and Palka in [GePa]. It is a consequence of the Koebe
distortion theorems that these two metrics are comparable.

Fix a simply connected domain 2 with finite area and let wg € 2. An open
Jordan arc C in Q is a separating arc provided 2\ C' has two components. If
wo ¢ C, then we denote by Q(C') the component not containing wy. Of course,
every crosscut of €2 is a separating arc but the converse is false since the ends of
a separating arc may not converge to a pair of points in 0). Every hyperbolic
geodesic is a separating arc and we will be interested in the following geometric
quantity on €2:

K, a(wg) = sup k:g*l(wo, T) - ma(2(7))
T

where the supremum is taken over all hyperbolic geodesics 7 with wy ¢ 7. For
a b-strip €2 we have that €0, is a vertical crosscut whenever it is nonempty. Put
ro = Rwy, then we define

Vo.a(wo) = sup kp = (wo, L) - m2(Q(L))

where the supremum is taken over all vertical crosscuts €2, with x # xy. In the
case p = 1, the ki-metric is not defined; nevertheless, in §6 we show that there are
natural analogs to the above quantities.

With these extended definitions we now state our main results:

Theorem A. Let Q) be a b-strip with finite area and 1 < p < co. The following
are equivalent:

(a) Q is a p-Poincaré domain.

(b) Kpa(wy) < oo.

(c) Vp.alwy) < oo.

Theorem B. Let Q be any simply connected domain with finite area and 1 < p <
00. A necessary condition for Q@ to be a p-Poincaré domain is that K, o(wo) be
finite for every wqy € Q.

Finally, if Q is a domain for which m;(£2;) < oo for all real x then we define its
Steiner symmetrization to be the domain

1
QO = {a: +iy |y < §m1(Qm) and €, # @} )
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It is natural to ask if Steiner symmetrization preserves p-Poincaré domains.
Pélya [P6l] showed this to be true for an analogous problem in which functions are
normalized by the assumption that they vanish on the boundary of the domain.
Surprisingly, in our case where the functions have mean value zero, the answer is
no! We give examples of this in §5 and §6. Nevertheless, we do have the following
results:

Theorem C. Let Q be a planar domain with finite area.

(a) Suppose that 2 be a b-strip and that 1 < p < oo. If Q is a p-Poincaré
domain, then so is *.

(b) Suppose that my1(€Q,) < b < oo for all z. If Q is a 1-Poincaré domain, then
so is Q.

These theorems are motivated by and considerably generalize several of the re-
sults in [EvHar], [SmSt87] and [SmSt90]. In particular, in [SmSt87] a version of
Theorem A, for p = 2, was given for certain types of domains and a counterexample
was constructed showing that some geometric restrictions on the domain are nec-
essary for the equivalence of (a) and (b). See also the end of §7 where comparisons
are made between our results and these earlier works.

We also point out that Maz’ja has given a capacitary characterization of p-Poin-
caré domains; see Theorem 1 of §4.4.3 in [Maz85]. Unfortunately, it is not clear
how to translate Maz’ja’s condition into a geometric condition on 2. In §4 we
explicitly construct a function which does determine the capacity of one of Maz’ja’s
condensers.

The relationship between the quantities V, o(wo) and K, o(wp), where Q is a
b-strip, is developed in §2, and the sufficiency of V), o(wg) < oo for the p-Poincaré
inequality to hold on such a domain (2 is established in §3. We remark that the proof
of sufficiency could alternately have been based on methods developed in [SmSt87].
The proof of the necessity of K, o(wg) < oo for a simply connected domain to be
p-Poincaré domain is in §4, and our results on the effect symmetrization has on
the p-Poincaré inequality are in §5. Throughout these sections it is assumed that
p > 1. The Poincaré inequality with exponent p = 1 requires different techniques,
and §6 is devoted to this case. Finally, the paper concludes with a section in which
we extend our results on b-strips to domains that are bilipschitzian images of them.

2. COMPARING VERTICAL CROSSCUTS WITH HYPERBOLIC (GEODESICS

For a simply connected domain 2 with nonempty boundary we define the hy-
perbolic metric by

pa(wi,ws) = pp(z1, 22)

where the z;’s corresponds to the w;’s under a conformal mapping of the unit disk

D onto €2 and
_inf 2|dz|
PD(Zh 22) = 1171 m )
¥
where the infimum is taken over all rectifiable arcs connecting z; to zo in ID. This
metric is conformally invariant and the geodesics are the image of (—1,1) under

arbitrary Mobius transformation of ). Since pp is conformally invariant so is pgq
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and hence it does not depend on the conformal map in its definition, see [Ahl] or
Chapter 4.6 of [Pom92].

From the theory of conformal mapping, we will need the following four results.
The first is a conformally invariant version of Theorem 10.8 on page 311 in [Pom75].
The second is a consequence of the distortion theorem, see Chapter 2 [Pom75]. The
third result provides a useful geometric property of hyperbolic geodesics. The fourth
result is a theorem of Gehring and Hayman, see [GeHa).

Throughout the remainder of the paper, we use the symbols “~”, “<” and “2>”
to mean, respectively, “equal to”, “less than or equal to” and “greater than or equal
to”, “modulo a multiplicative constant which depends (at worst) on the parameter
p”, e.g., for nonnegative a, b we have (a+0b)? < a? +bP. We denote the arc length of
a rectifiable curve v by A(v). More generally, we will denote by A(E) the Hausdorff
1-dimensional measure of a set E.

Lemma 2.1. Let f : D — Q be a conformal mapping. If a € D, and € > 0 is given,
then there ezists a set E = E(f,¢,a) C 0D of harmonic measure wq(F) < €; with
respect to a, with the following property: If v(a,e®) denotes the hyperbolic ray in
D from a to €' then for each ¢ € OD\ E, we have

A(f(v(a,e”))) < c(e)da(f(a))

where, as indicated, the constant c(€) depends only on €.

Lemma 2.2. Let Q) be a simply connected domain with nonempty boundary. Then,
(a) %pg(wl,wg) < ko(wr, we) < 2pq(wy,ws) for all wy,wy € Q, and
(b) if w1 and we are points Q and with po(wy,ws) = 1/4 and if 7y is the hyper-
bolic geodesic arc in ) with endpoints w1 and ws, then

A(y) = oq(wr) and da(w) =~ dq(wr)
for all w € 7.

Lemma 2.3. Let Q) be a simply connected domain with nonempty boundary. Sup-
pose that v is a hyperbolic geodesic in 0 containing the points w—_, wy, and w4
where the hyperbolic distance between wy and either of these points is 1/4. Let T_
(1) denote the (uniquely determined) hyperbolic geodesic through w_ (wy ) which
1s orthogonal to v. Then, there is a hyperbolic geodesic crosscut T through wo which
1s disjoint from 7— and T4 and satisfies:

A(7) ~ da(wo).

Remark. The angle 7 makes with 7 at the point wy is close to 7/2 and we will refer
to this geodesic as being nearly orthogonal to ~.

Proof. Let f : D — € be a conformal mapping of the disk onto €2 which maps
zero to wg, (—1,1) onto v and a point 0 < r; < 1 onto wy. Then, f(—ry) = w_
and f~1(7_), f~(ry) are hyperbolic geodesics in D. Hence, they are circular arcs
which are orthogonal to both D and the real axis. Since

1—|—T+ 1

= pp(0,74) = pa(wo, wy) = 1

1
0g1-7’+
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we see that these hyperbolic geodesics in D divide 0D into four subarcs of approx-
imately the same arc length. Hence the harmonic measure of each of these arcs,
evaluated at the origin, is bounded from zero by a positive absolute constant.
Applying Lemma 2.1 we easily produce a hyperbolic geodesic in 2 with the
required length by choosing an appropriate diameter of D. Finally, it is clear that
any separating curve of 2 which has finite length must also be a crosscut. [

Lemma 2.4(Gehring-Hayman Theorem). Let Q be a simply connected domain
with nonempty boundary. Given an arc a (with distinct endpoints) in ), we let
denote the hyperbolic geodesic arc of Q) with the same endpoints as . Then

A(y) S Aa).

Let € be a simply connected planar domain with nonempty boundary. Suppose
that + is a hyperbolic geodesic containing the distinct points wg, w. Let 79 (7)
denote a hyperbolic geodesic through wqy (w) which is nearly orthogonal to v and
has length comparable to do(wg) (dq(w)) as in Lemma 2.3. Let y(wg,w) be the
part of v connecting these points in {2. We then have the following two lemmas:

Lemma 2.5. Suppose that po(wg,w) = 1 and that o is any arc in  with one
endpoint in 7o and the other in 7. Then

A(o) 2 Aly(wo, w)) = da(wo).

~J

Proof. Let wy be the hyperbolic midpoint between wy and w. By Lemma 2.3 the
hyperbolic geodesic 7_ which is orthogonal to v at the hyperbolic midpoint between
wp and w satisfies 7o N 7_ = (). Similarly, the hyperbolic geodesic 7, orthogonal
to 7 at the hyperbolic midpoint between W; and w satisfies 7. N7 = (). Let ¢’ be
any hyperbolic geodesic arc with one endpoint in ¢ N 7— and the other in o N 7.

Now let f : D — € be a conformal mapping of D onto 2 which maps the origin
to wy; and (—1,1) onto v. The geodesics 74, 7 correspond to circular subarcs of
circles which are orthogonal to 9D and the real axis. Similarly, o’ corresponds to
circular subarc of a circle orthogonal to 0D which intersects the other two. Simple
geometry and the conformal invariance of the hyperbolic metric show that there is
a point wj € o’ with pgo(wy,w)) ~ 1.

Clearly, the endpoints of ¢’ are a hyperbolic distance at least 1/2 apart and
hence A(¢’) Z dq(w]) by Lemma 2.2(b). Now the Gehring-Hayman theorem and
Lemma 2.2(b) again shows that

Ao) 2 A(o") 2 da(wy) = da(wo) ~ A(y(wo, w))

which proves the lemma. [

The metrics k, depend, of course, on p. Nevertheless, the best curves to be
used in the computation of this distance are essentially the same as the hyperbolic
geodesics as is shown by the following lemma.
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Lemma 2.6. If pqg(wg,w) > 1, then for each p, 1 < p < 0o, we have
ds
<1> 1/(p—1) ~ kp(w07w> ~ kp(w077-> ~ kP(TovT)'
~(wo,w) (59

Moreover, the first relation is true even when pg(wp,w) < 1.

Proof. Assume that pq(wg,w) > 1. Let n be the positive integer determined by
n < po(wy,w) < n+ 1. Denote by wy,...,w, the points on v(wp, w) determined
by the relation pq(wo,w,,) = m and 6, = dq(wy,). Let 7, be the portion of v
between w,,_1 and w,, for 1 <m <n. By Lemma 2.2,

(2) A(ym) = 0, and  dq(w) = 0y,

for all w € .

By Lemma 2.3 there is a hyperbolic geodesic 7,, which contains the point w,,,
whose arc length is comparable to d,, and is nearly orthogonal to ~y, for 1 < m < n.

Let wy € 19, w' € 7, and 4/ be any rectifiable curve from w{ to w’. We divide
~" into n subarcs where ~,, denotes the subarc that starts at a point on 7,1 and
ends at a point on 7,,. By our construction, there must exist a point w,,, € v, N7y,
and hence where dq(W,,) < 0., since the length of 7, is comparable to d,.

By Lemma 2.5, §,, < A(v,,) for all 1 < m < n. Combining this fact with the
above, we see that there is a subarc of 7/, of length comparable to ¢,, on which
da(2) < . Hence, by the above and (2) we have

ds = ds = d
% > m
/61/(;)—1) > / sU/=1) ~ 2. sU/(=D)
Q mzlﬂy;n Q m=1%m

,y/
" ds ds
> R — =
~ Z / 51/(17—1) / 51/(17—1) ’
m=1 [9)
Ym

y(wow)
Taking infimums we obtain that k, (79, 7) dominates the left-hand side of (1). Thus,

ds
kp(10,7) < kp(wo, 7) < kp(wo, w) < / Py S kp(70,7)
O

¥ (wo,w)

and (1) follows.

Finally, suppose now that pg(wp, w) < 1. Let o be any curve in Q with endpoints
wp and w. By the Gehring-Hayman theorem, A(c) 2 A(y(wo,w)), and hence by
Lemma 2.2 we have

ds A(’Y(U]o, w)) ds
> ~ e —
/51/@—1) S / oD = Fpwo, w).
Q 0

o y(wo,w) 2

Taking infimums over all such o gives comparability of the above quantities which
proves the lemma. [
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Now let © be a b-strip. Since Q is connected, the set {x : Q, # 0} must be an
interval (o, 3), where —oo < a, f < 00. Let o, \, @ and (3, /" . Thus, we have
two nested sets of crosscuts; namely, {{2,, } and {Qg, }. It follows that there exists
a hyperbolic geodesic ~ in {2, parametrized by (—1,1), with the property that

tl\lr{ll Rvy(t) = a and }% Ry(t) = 5.

We will call any hyperbolic geodesic v satisfying the above a centerline for the
b-strip Q.

Theorem 2.7. Suppose that 2 is a b-strip, v is a centerline for 1 and wy € 7.
Then, for 1 < p < oo
Vpa(wo) S Kpa(wo) + b7

Proof. We let L be a vertical crosscut with abscissa © # Rwy. Without loss of
generality we will assume that x > Rwg. Let wy be the point where ~ first intersects
L (starting at wg). By Lemma 2.6

ds

= [ A
P (o) 05D

Next, we single out the point w; € v which satisfies

/ ds _/ ds
~(wo,w1) 5;2/(17—1) (w1 .9) 5;2/(17—1)

First assume that the hyperbolic distance from wq to w; is at least 1. By Lemma 2.3
and Lemma 2.6, we let 7 denote a hyperbolic geodesic which is nearly orthogonal
to 7, passes through w; and satisfies

(3) A(Tl) ~ 5Q(w1) and kp(w(),Tl) ~ kp(w(),w1>.

Case 1. 71N L = 0.

In this case, we find from (3), Lemma 2.6, and the choice of w; that

ds ds
kp(wo, L) < kp(wo, wa) = / T 2/ 751 = Fp(wo, 7).
¥(wo,w2) Oy v(wo,w1) Oy

By our construction, wy ¢ Q(L) so we clearly have that Q(L) C (7). Hence, we
obtain
kP~ wo, L) - ma(QUL)) S k5~ (wo, m1) - ma (1)),

which is the desired inequality without the extra bP term.
Case 2. 1y N L # 0.

First we choose a point w* € 7(wy,w2) which satisfies

do(w*) = min{dq(w) : w € y(wy,ws)}.



8 WAYNE SMITH, ALEXANDER STANOYEVITCH AND DAVID A. STEGENGA

Since A(m) = dq(wy) < b and A(L) < b, it follows that there is an arc in © of
length < b which connects w; to wy. Thus, the Gehring-Hayman theorem implies
that

A(y(wr,w2)) S

The preceding inequality, in conjunction with Lemma 2.6, and the way in which we
chose w; leads to

ds ds b
) _ds <
(4) kyp(wo, w*) / s/ =D / 552/(10—1) ~ dq(w*)t/ (=1

Y(wo,w*) Y(wy ws)

The hyperbolic geodesic which we shall use for comparison will be a geodesic 7*
which is nearly orthogonal to v at the point w* and satisfies A(7*) = dq(w™*).

Let f: D — § be a conformal map which maps (—1, 1) onto v with Rf(t) — 0 as
t — 1. Since 7* is a crosscut, it has endpoints (T, (™ € 09Q; where (T corresponds
(under the map f) to a point of 9D with positive imaginary part. A straightforward
application of the Jordan curve theorem shows that the rays:

Zt={w:Rw=R¢CT,Sw >3} and Z~ = {w: Rw=RNC", 3w <3¢}

are contained in the complement of 2. As a consequence we have the following: if
w € and Rw > max{R(¢ : ( € 7%} , then w € Q(77).

If 77N L is nonempty then by the above we see that Q(L)\ Q(7*) is contained in
a vertical strip of width comparable to dg(w*). On the other hand, if 7* is disjoint
from L, then Q(L) C Q(7*) since w* ¢ (L). In either case we have that

ma(Q(L)) < ma(Q(17)) + bog(w*) .
From (4), the definition of wy and Lemma 2.6 we have,

kP~ (wo, L) - ma(QUL)) < k2 (wo, w*) (ma (7)) + bda(w*))

P
pr—1
5 k‘gil(wo,T*) . mg(Q(T*)) + 7*1959(10*) < Kp’Q(U)O) + bP.
d (w*)
Finally, suppose that the hyperbolic distance between wgy and w; is less than
1. Then, there is a point w3y € 7 beyond w; for which pg(wg,w3) = 1. Let
73 be a hyperbolic geodesic which is nearly orthogonal to v at ws and satisfies
A(73) = dq(ws). Put dg = dq(wp). By Lemma 2.2(b) and Lemma 2.6 it follows
that 5 p
0 S
D~ / D) kp(wo, w3) = kp(wo, 73)
0 ’Y(w07w3)
and that Q(L) \ Q(73) is contained in a vertical strip of width comparable to dg.
Since k,(wo, L) =~ kp(wo, w1 ), we have
kp(wo, L)P™H - ma(QUL)) < kp(wo, 3)P~H (ma2(QU(73)) + bdo)
< kp(wo, 73)P " ma(Q7s)) + bSp
S prg(wo) + b .

This completes the proof. [
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3. b-STRIPS AND THE POINCARE INEQUALITY

In this section we prove that (b) implies (a) of Theorem A in the introduction.
Our technique will be to decompose €2 into a countable collection W of dyadic
Whitney squares (with disjoint interiors) on which the Poincaré inequality clearly
holds and then use the geometry of {2 to combine these estimates. More precisely,
we assume that any domain 2 is the disjoint union of squares () € W of the form

Q={rz+iy:a<zr<a+2"andb<y<b+27"}

where 2"a, 2"b and n are integers. We denote by d(Q) the side length 27" of @
and let wg = a+1b. Moreover, neighboring squares are of comparable size and the
quantities d(Q) and dq(wg) are comparable. See Chapter 6 of Stein’s book [Ste]
for the existence of such a decomposition.

We will use a different normalization for the Poincaré inequality in place of
M,(9). Fix a domain € of finite area and a point wy € Q. Denote by Dy the disk
D(wq,rg) C Q where 7o < %(59(100). Put

J [P dmo
Nﬁ,Q(Do) = sup

L
u f\Vu\Pde
Q

where the supremum is over all u € C'(Q) N W1P(Q) that vanish on Dy. The
following two results are Lemma 5 and Lemma 8 in [SmSt90].

Lemma 3.1. Let Q) be as above and 1 < p < oo. Then,

mg(Q>
mo (Do)

My(Q) S Npa(Do) S ( )P0, ().

Lemma 3.2. Let Q2 and W be as above. If Q1,...Q, is a chain of squares in W,
i.e., the side of QQ;_1 is contained in the side of Q); or vice-versa, then

G|
uQ, —uQ,| S /Vu.
uQ, — uQ| .E_ld(Qj) [V
J= Qj

Lemma 3.3. Let Q be a b-strip containing the square Q = (0,a) x (0,a) and
1<p<oo. IfQ, =0 for all x ¢ (0,a), then

Jlu=uap < [lu=uql st [ 1vulr
Q Q Q

whenever uw € WHP(Q).

Proof. Let u € C1(Q)NWHP(Q) then by a familiar argument we have for 1 < p < oo
that

Jlu=uap 5 [ 1uuql dms + Jun ~ uglPma() <2 [ [u~ gl
Q Q Q
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Now consider w; = (z1,y1) € Q2 and wy = (x2,y2) € Q. By Calculus we have

|U(501,y1) - U(l‘z,y2)|p S |U(501,y1) - U(l‘l,y2)|p + \U(l‘hm) - U(«’U2,y2)|p

< b / !Vu(arl,t)lpdt+ap_l/ [Vu(s, y2)[” ds.
0

z]

Hence

[ 1wl dmatwn) < [ [ uin) — utun) P dmaon)
Q

a
Q )

< [ dmafw2) pp—1 P -1 " P
S |Vu(zy,t)|Pdt + a |Vu(s,y2)|P ds | dma(wy)

Q Q o,y -
:/]Vu(wl)\pml(Qxl)bp_l dmg(wl)+ap_2m2(Q)/\Vu\pdm2

Q
bp/\Vu|pdm2
Q

The result now follows by combining the above two inequalities and taking lim-
its. [

Remark. Observe that we have proved that M, (€2) < b for the regions described in
the lemma. This contains the classical fact that M,(Q) < d(Q) whenever Q is a
square.

Lemma 3.4. Leta,, >0,b,, >0 andc, >0 forallm=0,1,... and 1 < p < 0.
Put Ay, =30 aj, B =>."bj and Cp, = > ¢ then

p
Um

it

Nk

S AL by S [sup O By

m=0 0

3
|

Proof. Let A 1 =C_1=0,q=p/(p—1) and K = sup CE ' B,,. For simplicity
we assume that only finitely many a;’s are nonzero. By summation by parts, the
mean value theorem and Holder’s inequality we get

o0

m=0 m=0 m:O
pY Arla
N p
p( m

=0
i a 1 1/p ZcmAqu 1/q.

O

i}

A

—~
—_
~—
IA

mBm

3

IN
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Moreover,
> emADBL = (Cp — Cre1)Ab,BY, = Z Cr (AP, BL, — AP BL 1)
m=0 m=0

= Z Cm A7, (BY, — B 1) + Z Cm — AL 11)Bha

< Z quBgn_lAfnbm + Z CmBgn_l(AI;n—H AP ) B

m=0 m=0
< (qsup o BL) - (D AP by + Y (AP ) — AL)Byyi)
= (¢KVP7D) - (D Anba + Y (AD, = AB)b)
=0 m=1
< (2gKV®V) - (3 Anb,,).
m=0

Combining the above inequality with (1) yields

(o e] [o.e] P
D b <pra) K 3 St
m=0

Taking limits proves the lemma. [J

Theorem 3.5. If Q is a b-strip, hg € Q and Aq is the disk D(hg, po) with py =
200 (ho), then

ma(Q)
NIIJ?,Q(AO) S V}?,Q(ho) + bme(A()) :

Proof. Let €2 be a b-strip and W a Whitney decomposition of €2 into dyadic squares.
For each square Q € W we define

R(Q) ={w € Q: Rw = RNz, some z € Q}

so that R(Q) is the portion of € in the vertical strip determined by Q. Since € is
a b-strip it follows that so is each R(Q).

Let v be a centerline for 2 as defined prior to the proof of Theorem 2.7. Let W (~y)
denote the squares () € W that contain a point of v. Given two squares (01, Q2 €
W (), observe, from the properties of dyadic intervals, that if R(Q1) N R(Q2) is
nonempty then either

R(Q1) C R(Q2) or R(Q2) C R(Q1).

Thus, the subcollection {R(Q)}, where Q@ € W(v) and R(Q) is maximal with
respect to set inclusion, gives a decomposition of 2. Using the natural ordering
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obtained from their real parts we see that there is a doubly infinite sequence of
oo

squares {Q;}32 . in W satisfying:

(a) Qj N~y #0 for all 5,
b) @ =UR(Q)),
c) R(Qi) N R(Q;) =0 whenever i # j,
d) if i < j, w; € R(Q;) and w; € R(Q;), then Rw; < Rw;, and
e) ho € R(Qo) -
Now let @ € W. If Q N~ is nonempty, then our construction guarantees that
Q C R(Qy,) for some m and hence d(Q) < d(Q.,). Now consider the case that
Q N~ = 0; we prove that d(Q) can not be arbitrarily large compared to d(Q,):

(f) If @ € W intersects R(Qy,), then d(Q) < d(Qn).

As in the proof of Theorem 2.7, let f : D — € be a conformal map which
maps (—1,1) onto v with Rf(t) — f ast — 1. Let w,, € vN @, and put
Om = 0q(wy,). By Lemma 2.3 there is a hyperbolic geodesic crosscut 7, which is
almost orthogonal to v at w,, and satisfies A(7,,) = d,,. Since 7, is a crosscut, it
has endpoints ¢, ¢, € 09Q; where ¢, corresponds (under the map f) to a point of
0D with positive imaginary part. As before, we know that

o~ TN~

Zt ={w: Rw =R, Sw > ¢} and Z, = {w: Rw =R, Sw < 3¢}

are contained in the complement of 2.

Suppose that d(Q) is very large compared to d(Q,,). Since @ € W there are
adjacent Whitney squares of comparable size on the left and right of () which we
denote by ) and (). Together, these squares project onto an interval I on the real
axis of size comparable to d(Q), with the point w,, projecting to a point which is
approximately in the middle of this interval. Now consider the curve Z} UT,,UZ, .
If d(Q) is sufficiently large, then this curve must project onto a subinterval of I.
Since Z1 U Z - is contained in the complement of €2, the only way this can happen
is for ¢ to be above the set @_ U Q U Q4 and for (,. to be below. But then
A(T) 2 d(Q) which contradicts our assumption. This proves property (f).

Fix u € C'(Q2) and assume that u vanishes on Ag. Let’s denote R(Q;) by R;.
Then by applying Lemma 3.3 to 2; we have

/‘u|p 5 |u - qu‘p dmsz + ‘qu - uQ0|pm2(Rj) + |uQ0|pm2(Rj)
R; R;

SO Vul? + Jug, —uqel"ma(R;) + |ugel"ma(R;).
R;

Summing on j we see that
[ sv [vur et s,
Q Q

where X3 = |ug, |[Pm2(€2). Thus, we need to estimate these last two summands in
terms of the gradient integral.
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There is a Whitney square ) which contains hg. Since hy € Ry property (f)
yields that d(Q) < d(Qo) and hence py S d(Qo). Thus, there is a point kg and a

disk Ao with the following properties: Ay C AgN Ry and ma(Ag) ~ mg(Ao) By
Lemma 3.1, Lemma 3.3 and the remark following it, we deduce that

gy [Pma(Ro) < / = gy [P + / uf?

§bp/|Vu|p+NPAO Ro) /|Vu|p
Ry

< i fe

Ry

Thus,

%S (raag)¥ [ 19
Ro

and we have now reduced the proof of the theorem to establishing the following

inequality:
/ vl

Fix a positive integer m and consider the geometry of the squares ), and Q,,,+1.
Let @, denote a square in W which is adjacent and to the left of (p,41. Since
@}, 41 has comparable size to Q,,11 and clearly intersects R,, by construction, we
see that d(Qm+1) S d(Qm) by property (f). We obtain a similar relationship for
Qm and hence d(Qy1) ~ d(Q.,) for all m. Since w,, € Q,, we have 6,, = d(Q).

Now, €2 is a b-strip and hence there is a rectangle, contained in R,,, with dimen-
sions comparable to d,, X 1, connecting Q,, to @Q;, 1; where 7, = [Wp11 — Wy, |.
Let T}, denote the union of this rectangle with @,, U @Q},.,. In order to apply
Lemma 3.2, we may view 7}, as a chain of comparably sized Whitney cubes con-

necting Qm to @7, ;-
By Lemma 3.2 and Hélder’s inequality we see that for 1 < p < oo

(2) So =Y lug; —uqoPma(Ry) S (Vpa(wo) + bp

D MDD = B
J=1 J=1 quT]_l
m 1 m bt ~ )
$> g [ 19 = S mam) @) 19up)?
j=0 (QJ) j=0
T; T;

Hence,

m=0 m=0 j=0
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where for m =0,1,... we have

am = ma(T) 0 V2a(Q) 7 ([ 19uP) " and by = ma(R).
T
In order to apply Lemma 3.4 we define

T
51/=1)

(4) Cm = ma(Tin)d(Q) P/ P~ 1) ~

and then from (3) we have (using the notation of the lemma)

m=0

Hence (2) will follow from the above and the proof will be complete if we can
obtain the appropriate bound for sup CE1B,,.

To do this we must examine the geometry of the quantities C,, and B,,. Of
course, the geometry of B,, is clear since

Bm = Z mg(Rj) = mg(Rm U Rm+1 U-- )
j=m

It will be convenient for us to replace B,, by By,+2. We claim that the theorem
will be proved once we establish that
mg(Q)
mg(Ao)

(5) Ch ' Btz S Vpa(ho) + b

holds for all m = 0,1,.... This follows since b, < bd(Q,,) and hence

Cg;le = (Cmfl + Cm)pil(bm + Bm+1)
f, ngille + Oﬁ:le+1 + Cg;lbm
<supCP™'B, 1 +bP.

Repeating this argument with C2~!B,, 1 replacing the left hand side above gives
the desired reduction.

Small values of m are easy to handle in (5). Recall that @,, and @Q,,_1 have
comparable size and hence there is a A > 1 satisfying d(Q,,) > d(Q—-1)/X and
Om ~ d(Q,,). Hence

b b 1
p—1 < ... NP
CP=" - Bpnia S (63/(’31) +o 4+ 6,1,{(’371)) mo(Q2)
< Vo-1) 4 ..o m/e-1)yp=1 07
S(1+A kA ) 5 ma(9)
0

mg(Q)
mo (A()) ’

< (m 4+ 1P P
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Thus, it suffices to prove (5) for m sufficiently large.
Next, we claim that there is an my depending only on the Whitney decomposition
so that

ds
(6) Cm-1 S / S ~ kp(wo, Tm)
Q

7(w07wm)

whenever m > my.

To prove this recall that w,, € @,, N~ and that we have constructed the hy-
perbolic geodesic 7, and vertical rays Z! and Z, . Let v = v(wim—1,ws). Now
suppose that w € v,,. Then w belongs to the region bounded by the two curves
Z;L Ut UZ; (j = m —1,m). The proof of property (f) makes it clear that
do(w) < 0. Since Ny, = |Wint1 — Wiy | it follows that 7, < A(ym+1) and hence,

m—1 m
Cn-1% ) S/G=1) Z/ ST = / gL/ @1
Jj=0 %j j:1’Yj Q 7 (wo,wm) @

Since the hyperbolic diameter of any Whitney square is comparable to one, there
is an mo = mo(W) so that pq(wo, w,,) > 1 holds for all m > mgy. Now (6) follows
from Lemma 2.6.

Let L,, =,  where z,, = Rw,,.

Claim. For m > mg we have

mQ(Q)
mo (A()) '

(7) CP ! B S K2 H(wo, Tin)m2 (L)) S Vi (ho) + 07

~Y

The first relation follows immediately from (6). Let us observe that there is a
curve from hg to wg of length < b along which dqg 2 po. Hence, by definition

(8) kb~ (wo, ho) S WP~/ po.

Now let w,, be the point on ~(wg, w,,) at which

/ ds _/ ds
(w0, @) 5;2/(1)—1) (Tt 5;2/(10—1)

and let 7,,, be a hyperbolic geodesic crosscut through w,,, which is nearly orthogonal
to 7 and has length comparable to do(w,,). By modifying my, if necessary, we
assume that pq(wo, Wy,) > 1 so that

- ds
bl ) [
Q

'Y(wO:ﬂjm) 5

Case 1. T, N Ly, = 0:
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We show that this implies that Q(L,,) C Q(7,,). Suppose to the contrary that
Wy € Q(Ly,). Then there is a Jordan region contained in 2 and bounded by a
subarc of v containing w,, and a subarc of L,,. By the Jordan curve theorem it
follows that 7,,, which clearly contains a point in the interior of this Jordan region
by construction, must intersect the boundary of this region at a point other than
Wyy,. Since this point must be in L,, we have a contradiction to our hypothesis. This
proves that Q(L,,) C Q(7,,) and hence that k,(wo, L) > kp(wo, T). It follows
from this, the triangle inequality for k, and (8) that

K2 (w0, )2 (Q(Ln)) S K2 (w0, L) (Q(Lon))
P (L))

p(l)/(P—l)
mo (Ao) ’

5 (kp(hov Lm) +
< k;;;*l(ho, Ly )ma(QULyy,)) + bP

which implies (7).
Case 2. T,, N L,, is nonempty:

As argued earlier in the proof of Theorem 2.7, this means there is a point w}, €
Y (W, W) With the property that k,(wo,ws,) < bdg(ws,)~/P=Y. Let 7% be a
hyperbolic geodesic which is nearly orthogonal to v at w}, with length comparable
to dq(wy,). If 75, N L,, = () then (7) follows as in case 1. Otherwise, there is
a vertical crosscut L, with the property that Q(Lx) C Q(7},) and that the set
Q(Ly,) \ Q(L7,) is contained in a vertical strip of width comparable to dq(w},).
Hence,

kb= (wo, T )ma (L)) S K5~ (wo, 7,) (ma(Q(LF,)) + bda(w},))
S kb (wo, Ly, )ma(ULy,)) + 0P

and (7) follows as before.
The proof of the theorem is now complete. [

4. THE NECESSITY OF THE K, o CONDITION

In this section we prove Theorem B in the introduction. For a given hyper-
bolic geodesic we need only construct an appropriate function in the Sobolev space
W1P(Q) and apply the Poincaré inequality. We first give a simplified treatment of
this construction.

Fix a point wy € () and a hyperbolic geodesic 7 which does not contain wy.
Put §p = dq(wp). Let v be the hyperbolic geodesic in 2 which contains wy and
is orthogonal to 7 and let w, € 7 be the point where these curves intersect. Our
strategy is to decompose €2 in a manner similar to the decomposition in Lemma 2.6.
We assume that n is a positive integer satisfying 2n + 1 < pq(wo,w;) < 2n +
3. We denote by wq, ..., ws, the points on 7(wp,w;) determined by the relation
pa(wo, wy,) = m and we put 0, = dq(w.,,). As before, we let 7,,, be a hyperbolic
geodesic which is nearly orthogonal to v at w,, and has length comparable to &,,.
By Lemma 2.3, the 7,,’s are disjoint and Q(7) C Q(72,).
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Define a function ug on 7 by setting ug(w) = 0 if w precedes wy, for w €
v(w1, wa,) we take
ds
uo(w) = /@D
Q
V(wlvw)

and finally, uo(w) = ug(wa,) for all w € v N Q(12y,). It is elementary that ug is
continuously defined on ~.

Let R,, denote the simply connected subset of {2 between the crosscuts 7,,, and
Tm—1. As before let v, = v(wpm—1,ws). Suppose that there exists a function u
defined on €2 which satisfies the following properties

(a) ue WHP(Q)NC(Q),

(b) u is constant on (7, ) and hence on Q(7), with u ~ k,(wo, 7),
(¢) w is zero on the component of Q \ 7 containing wy and

(d) For m =2,...,2n, we have

2R
/'V“| / 1/<p DR

Remark. We note that the function u above is relevant to Maz’ja’s capacitary theory
of p-Poincaré domains. It would essentially determine the capacity of the condenser
pair (2\ Q(71),Q(72,)), which is an integral part of his characterization. See §4 in
[Maz85].

Theorem 4.1. Suppose that ) is a p-Poincaré domain and wg € ). If for every
hyperbolic geodesic T with pq(wo,T) > 3 there exists a function u defined on Q
satisfying the above properties, then

(1) Kp,Q(wO) <

Proof. Fix a smooth function ¢ which is zero for |z| > 1, equals one for |z| < 1/2
and satisfies 0 < ¢ < 1. Let pg = dq(wp)/2 and put Ag = D(wyg, pp) C 2. Define
v to be a bump function for Ag; i.e., let v(w) = ¢((w — wg)/po). Since 0 < vg < 1,
we see that |[v — vg| > 1/2 on a set of area > 3. Hence,

ma(Ag) < / v — valP < MP(Q) / Vol? < M2(9)52

and it follows that
(2) da(wo) S Mp(Q2)

for all wg € €.
Suppose first that po(we, w,) < 3. By Lemma 2.2, we have

A(y(wo,w;)) S0 and  dg(w) 2 do,
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for all w € v(wp, w;). Hence by Lemma 2.6 and (2) we have

p—1
1 < ds
kp (wo, 7) - m2(Q7)) S 1/(p—1) ma(€2)
O
o (wo,wr)
Q
< ot~ 2ma(@) 5 22 (o)

which proves (1) in this case. Hence, it suffices to assume that the hyperbolic
distance between wgy and 7 is at least 3.

Now assume that 7 is a hyperbolic geodesic with 2n+3 > pq(wo,7) > 2n+1 > 3
and that wu satisfies the properties described above. We may need to modify the
definition of pg slightly so that Ag N7 = (). By Lemma 2.2 this can be done with
po = 0. Since po(wp, w,) < 2n+ 3 it follows from Lemma 2.2 and Lemma 2.6 that

ds

(3) kp(wo, T) & kp(wo, wan) = ky(wi, wa,) & / W.

y(wi,wan)

By property (a) the Poincaré inequality holds for the function u. Since u = 0
on Ay we use the corresponding inequality with N, o(Ag) in place of M,(£2) and
apply Lemma 3.1. Combining this with property (b) and (3) we get

KD (w0, 7) - ma(Qr)) ~ / Juf?

< [1up < N7a(80) [ (vup
Q Q

m(Q) P ulP
S M) / vl

and on the other hand properties (b), (¢) and (d) yield that

2n
[1vap =3 [ vur
Q m:2Rm

2n
ds ds
< A _ 45 L
~ 2/51/@1) / ST~ Fp(wo, ).
m=2w,m Q Q

y(w1,wan)

Combining these inequalities gives

k2 (wo, 7) - ma (7))

AN

which proves the theorem. [
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We have now reduced the proof of Theorem B to the construction of a certain
continuous function on R,, with an estimate on the integral of its gradient. Of
course, we must also show that these functions combine to form a Sobolev function
on §) but this will involve a standard result in the theory of these functions. The
curve «y divides R,, into two pieces which we denote by R, for the top half; which
is the image of points with positive imaginary parts under a conformal mapping
of D, and R;, for the bottom half. We only describe the construction of v on R,
since the other construction is similar.

Observe that OR;F NQ consists of three curves; namely, 7';;_1, Ym and 7.5 and also
observe that at the two “vertices” w,,_1, w,, these curves meet at nearly a right
angle. The basic idea of the construction is to prove that there is a bilipschitzian
change of variables on C (with bounds on the distortion which are independent of
m) which maps these three curves onto three sides of a square of side length d,,.
Once this is done, a function will be defined on this square and transferred back to
R} by means of this change of variables.

We already know that the lengths of these three curves are all comparable to
0., by construction and that consecutive curves are nearly orthogonal as observed
above. We have two problems to deal with: one is to control the smoothness of the
curves (especially near 9§2) and the other is that the endpoints -, ¢ of 7.5,
7,5 may be very close together in the Euclidean metric.

We need to modify the curves Trt_l, 7.t near 9. Fix a small positive number
n < 1/2. We will reduce the value of n at various points in the proof. There is a
first point a;f, on the curve 7.}, starting from w,,, at which dq(a;) = 1d,,. Since
ICE — wm| > 0m, af, # wy,. Let b € 09 be any boundary point which satisfies
lat — bl | = nd,, and denote by [a;}, b ] the line segment with these endpoints.

m?-m

Now denote by o the curve 7,5 (wm,, a}) followed by [a;, b} ]. Since b} € 9Q we

m m)m
obtain a new crosscut o,, through w,, by combining o} and o, .

Lemma 4.2. Let o be a hyperbolic geodesic arc of Q with endpoints w, w' € Q. If
pﬂ(waw/) < ﬁ; then
Ao) < 4e3Flw — w'|.

Proof. There is a conformal mapping f of DD onto €2 which maps the origin to w
and a point » with 0 < r < 1 onto w’. Since o is a hyperbolic geodesic, the line
segment [0, r] is mapped onto the arc o. Since

1+r
1-—r

log = pp(0,7) = po(w,w") <

it follows from the distortion theorem (see Theorem 1.3, Corollary 1.4 in [Pom92])

that ,
w—w'[ = Z[f(0)] and [f()] < |£/(0)[*”

for all ¢ satisfying 0 <t < r. Hence
Ao) = / P ()] dt < re®B|£(0)] < 4% — !
0

which proves the lemma. [
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Lemma 4.3. There is a constant ¢, depending only on n such that for all m =
1,...,2n we have

(4) Ao (w, ")) < cplw — w'|

m
for all w,w' € o} .

Proof. Let us estimate pg(w,, ;) using the quasi-hyperbolic metric ko:

ko (W, al) < / ds _ Alrm) 1

m ~

S = mom

T (Wi saik,)

and thus po(w.,,at) <n~t. Applying Lemma 4.2 we see that (4) holds provided
w,w' € 7t

Of course, if w,w’ € [a;}, b ] then (4) is trivially true with constant 1. Finally,
suppose that w € 7,5 (w.,,a}t) and that w' € [a}, bl ]. Observe that the defini-
tions of a; and b} imply that 7.5 (w,,a) is disjoint from the disk D(b;,nd,y,).
It follows from this that |w — w'| > |a}, — w’| and the rest of the argument is

straightforward. [

Now consider the disk D/ = D(a;},nd,,). Our construction satisfies the hy-
pothesis of Lemma 2.5 and hence: if ¢ is any curve in €2 with endpoints a;{%l and
at then A(o) 2 d,,_1. Suppose D> | N D; is nonempty. Then the line segment
[at 1 ,af] C Q and the above implies that its length is > ,,_;. On the other
hand, its length is less than 7(d,,—1 + 0,,). Since §,,—1 & 0y, it follows that n can
be chosen so that

(5) D n D;-r =) whenever i # j.

Lemma 4.4. There exists € > 0 with the following property: If {D;} is a disjoint
collection of three open disks of radius r and if {z;} are points in OD;, where
1 <1 < 3, then there is a point z; satisfying

|21 — zi| > er.

Proof. An elementary geometric argument yields this result.

Corollary 4.5. There is an € > 0 with the following property: Given i with 2(k —
1) < i <2k, there is a j with 2k < j < 2(k + 1) satisfying

D(bf, end;) N D(b;r, end;) = 0.

Proof. Since the number d5(j,_1), . .., d2(k+1) are comparable the proof is immediate
from Lemma 4.4. [

We are now in a position to modify our decomposition of 2. By Corollary 4.5,
we can fix € and chose exactly n of the original crosscuts o,,, which we shall relabel
as o1, ...,0,, along with the corresponding w,,’s, a;’s, etc., so that the following
three properties are fulfilled:

(a) 1 < po(wm—1,wn) <4forallm=1,...,n,
(b) Db 1 endm—_1) N D(b} end,,) = 0 for m =2,...,n and

(¢) D} _,nD} =0.
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Continuing, we denote the region in {2 between ¢, 1 and o,, as R,,, and suppose
that there exists a function u defined on €2 which satisfies the following properties
(d) ue WHP(Q)NC(),
(e) w is constant on Q(7) with u ~ k,(wo, 7),
(f) u is zero on the component of Q \ o containing wg and
(g) for m =2,...,n, we have

P <L
/'V“| / 1/<p D

It follows that Theorem 4.1 is valid with this decomposition, and hence we have
reduced the proof of Theorem B to proving that this modified function u exists.
Fix m with 2 < m < n. We now construct the bilipschitzian square needed for
our definition of u. Recall from the proof of Lemma 4.3 that the region D(a;}, 7d,,)N
D(b},nd,,) is contained in Q and is disjoint from 7} (w.,,a;). Since the line
segment [af bt] divides this region into two parts and since o, is a crosscut it
follows that there is a point 7} satisfying
(h) rt € Ryy1 N D(at ,ndm) N Db, nom),
(i) \r* — b | = iné,, and
(j) the angle between [b)}, at] and [b},rt] is w/4.
Analogously there is a point [} satisfying
() I, € Rym1 N D(ay,_y,00m—1) N Db, 1, ndm-1),
(") ‘7“;;—1 - b;—l‘ = %775m—1 and
(j’) the angle between [b, ] and [b _4) is /4.
Notice that the index refers to the region R,, and not to the crosscuts and in fact
the notation is a reminder that for a fixed m, [}, is to the left of R,, and 7} is to
the right.
Let us now define the curve p;, to be the curve that starts at [}, goes straight
to b _, follows o\ | to wy,_1, follows 7, to w,y,, follows o to b} and ends by

m—12 m—1

going straight to .

Jr
m—1> Im—1 m—15T

Lemma 4.6. There is an n > 0 and a constant ¢, depending only on n such that
for allm=2,...,n we have

(6) A, (w, w')) < enlw —w'|

for all w,w'" € pt.

Proof. The proof is similar to the proof of Lemma 4.3. The curve p consists of
five simpler curves for which (6) is either trivially valid or follows from Lemma 4.3.
Thus, we must consider several cases where w is in one of these curves and w’ is in
another.

To simplify matters we first prove that unless the two curve segments are adjacent
to each other (as components of fi,,,) then the Euclidean distance between them is
2 €n0m. This will reduce the proof to examining adjacent curves since A(u}) & 0,
and e is fixed. By properties (b) and (c) we see that the Euclidean distance between
any two nonadjacent linear segments is 2 €nd,,, since d,,_1 = o,
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By Lemma 2.5 we may assume, after possibly reducing the value of 7, that the
Euclidean distance between o, 1 and o,, is least nd,,. Hence we are left with
proving that +,, is not too close to the straight-line segments. It will suffice to
show that ~,, is disjoint from D:,CL_l U D;. But we can obviously adjust the value
of n so that this is the case since dg(w) ~ §,, for all w € ~,, and each disk D,,
has a point on its boundary which is in the complement of 2. Thus, the Euclidean
distance between nonadjacent curves is not too small, relative to d,,.

Finally, we examine the interaction between adjacent curve segments. The ad-
jacent linear segments are not a problem since the angle between them is /4.
Suppose now that w € 7,7 | (wm,m_1,a) ;) and w' € 7,,. Let f be the conformal
map of D onto © which maps (—1,1) onto 7 which maps the origin to w,,—; and
satisfies 0 < f~1(w,,) < 1. By our construction, there is a point 2’ > 0 for which
[0, 2'] maps onto y(w,,—1,w’). Let z € D map onto w. By our construction, the
diameter L of D through z maps onto 7,1 and hence is nearly orthogonal to the
real axis.

If jw — w'| > ndm—1, then it is immediate that (6) holds because the curve has
length comparable to d,,—1. On the other hand, if |w — w’| < nd,,—1, then clearly
for sufficiently small  we have

N N lw — w'| N0m—1
pQ(w7w ) ~ k2(w7w ) ~ 5Q(w/) - (SQ(U)’)'

Hence we may assume that 7 has been chosen so that po(w,w’) < 1. But now
|lw —w'| = |z — 2’|6m-1 and the proof of (6) follows from the distortion theorem
and the fact that L is nearly orthogonal to the real axis. [

We now fix the value of ) so that (6) holds. Our decomposition is complete and
we next prove that our curves pu,, are bilipschitzianly equivalent to a segment of
length 9,,,, which is in turn equivalent to three sides of a square of side d,,.

Lemma 4.7. There is an absolute constant o > 0 so that for each m, 2 < m <
n, there is a bilipschitzian homeomorphism T,,, of the entire plane C, with the
following properties

(i) a Yz — 20] < |Ton(21) — Ton(22)| < |21 — 22| for all z1, 2o in C,

(i) Ty () is contained in the boundary of the square

Sm={(5t):0< <0, 0<t<d,}

and lastly,
(i) T (lh) = (0,6m), Tin(b3) = (0,61/2), Tn(wm-1) = (0,0), Tin(wm) =
(0m,0), T (b)) = (6my 0m/2) and T (175) = (O, Om)-

Proof. Let vy, 1 [0, A(tm)] — tm be the arc length parametrization of u,,. By (6)
there is an absolute constant ag > 0 such that |so — s1| < ap|tm(s2) — ¥ (s1)]
and trivially |¥,,(s2) — ¥m(s1)| < |s2 — s1|. Hence 9y, is a Lipschitz embedding of
the interval [0, A(ft,)] onto fi,. Since A(uy,) = §,, we might as well assume that
Y : [0, 0m] — pm is a Lipschitz embedding satisfying

ai M sa — s1] < [Um(s2) — Y (s1)] < @1s2 — 51
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for some absolute constant o.

By Theorem B in [Tuk80] (see also [Tuk81], [JeKe] and Chapter 7.4 in [Pom92]),
there is a homeomorphism ¥, of C whose restriction to the interval [0, d,,] is ¥,
and which satisfies

ay 2o — 21| < | Wpn(22) — Upn(21)] < lzo — 21|

for all z1, 29 € C.

On the other hand, there is obviously a bilipschitz embedding ¢,,, of the interval
[0, d,,] onto the three sides of the square S, with constant «3. Using the above
extension theorem again we get a bilipschitz homeomorphism ®,, of C extending
P

Put 1), = ®,,0V, 1. Clearly, T;, satisfies properties (i) and (ii). In order to show
that property (iii) can also be satisfied, we need only construct a bilipschitz embed-
ding of the interval [0, §,,] onto itself which maps W, '(bF ) onto ®,1(0,6,,/2),
U (wy,—1) onto ®,1(0,0), . ... But this can clearly be done with a piecewise linear
function with an absolute bound on the Lipschitz constant, since all the component
curves of pf have length comparable to d,,. O

We now define our function u which is to satisfy properties (d)-(g). First define
Um(s,t) on Sy, by

Um(s,t) = (1 — a)UO(wm—l) + auO(wm)

whenever, 0 < s <4, and 0 <t < %", and

B 2t S, 2t wo(Wim—1) + wo(Wn,)
U (s, 1) = (2—a)vm(s,7)+(a—1) 5

when 0 < s < §,,, and 6,,,/2 <t < &, . Observe that v,, (s, d,,) is independent of s
and equals the average value (ug(wy,—1) + ug(m))/2. By the definition of uy and
our construction we see that

- ds ~ 5m
uo (W) — uo(Wm—1) = 51/ (—1) ~ sy (p=1)
Q m

Tm

and an elementary computation then shows that

wo (W) — o (Win—1) Om, ds
T N L I
Sm

m 1 —1 1 —1
m 5m/(p ) J 59/(2? )

Now we define u(w) = vy, (T (w)) provided w € T,,1(S,) N R and u(w) =
(uo(Wm—1) + up(m))/2 whenever w € R} \ T,.1(S,,). We make the analogous
definitions for points in R, and of course we set u = ug(w,) on Q(o,) and u =0
on the component of 2\ o1 containing wy. It is easy to see that u is well defined
and continuous on () and satisfies properties (e) and (f).
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To simplify the discussion of properties (d) and (g) let us assume that the bilip-
schitzian homeomorphisms T;,, are continuously differentiable. Then, property (i)
of Lemma 4.7 would imply that the transformation 73, is approximately an isom-
etry. Thus, the Jacobian Jr, ~ 1 and by the chain rule |Vu(w)| ~ |V, (Tmn(w))]
whenever w € R,, N T,1(S,,) and IT,,(w) # d,,/2. Hence the change of variables
formula and (7) imply that

/ VulP = / Vul? ~ / ((Vom) 0 TP,
R,

Ry NTr t(Sm) R NTn t(Sin)
ds
= P < s
/ ’V’Um‘ N/al/(pl)
Ty (R )NSim Ym S

which yields property (g). To prove that u is a Sobolev function we first observe
that it is piecewise differentiable. Secondly, w is a local Lipschitz function on 2 and
hence it is absolutely continuous on any line segment contained in €2. It follows
from a well-known theorem in Sobolev space theory, see Theorem 2.1.4 in [Zie],
that u has weak derivatives on {2 which agree with its classical derivative at almost
all points of 2. Thus, property (d) is fulfilled and we are done in this case.

To complete the proof in general we need to show that bilipschitzian transfor-
mations have classical derivatives almost everywhere and that the chain rule and
change of variable formula are all valid. But these facts are well-known; see for
example Chapter 2.2 [Zie]. This proves Theorem B in the following form:

Theorem 4.8. If Q is a simply connected domain with finite area, then

Kyo(wo) < ma(§2)

—=MP(Q).
~Y 69 (w0)2 p ( )

Theorem 4.8 can be used to produce additional useful lower bounds for M, ().
We illustrate this with the following corollary and example. Given disjoint hyper-
bolic geodesics 71 and 73 in Q, for j = 1,2 we denote by Q,(71, ) the component
of @\ 7; that is disjoint from 71 U 75 and denote by A; its area.

Corollary 4.9. Suppose 11 and 1o are disjoint hyperbolic geodesics in a simply
connected domain 2 of finite area. Then, for 1 < p < o0,

2
max d¢

mQ(Q)

kigil(Tl, 7'2) min{Al, AQ} g MS(Q) .

Proof. Let wy € Q be such that do(wp) > maxdg/2 and suppose without loss
of generality that k,(wo, 1) > kp(wo, 2). Then ky(wo, 1) > kp(T1,72)/2, by the
triangle inequality. If wy € Q4(71, 72), then 71 would separate wy from 75, and so it
would follow that k,(wo, 1) < kp(wo, 72) in contradiction to our assumption. Thus
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wo & Q1(m1,72), and so Q(11) = Q4 (71, 72). Hence, by Theorem 4.8 and the above,

5o (wp)?
]\11’ > e EYS K
p(Q) ~ m2(Q> P,Q(w())
max 03

= 4ma (Q2) kb~ (wo, T1)ma((m))

max 63, k2=t (71, 72)
T 4ma(Q) 201

m2(Q1(T1,7'2)) )

which completes the proof.

Example 4.10. Let a and b be positive numbers with b/a large, and suppose {2 is
a simply connected p-Poincaré domain containing the rectangle R = (0,b) x (0, a),
and such that [0,b] x {0,a} C 0. Then, for 1 < p < oo,

(8) < 20 4

~ max (5522 p

and hence () can not contain arbitrarily long “rectangular passages”.

To see this, let Ly and Loy be the vertical crosscuts of R corresponding to x = b/3
and = = 2b/3. These determine hyperbolic geodesics 71 and 7 using the prime ends
of the L;’s. By the Gehring-Hayman theorem the lengths of these geodesics are
comparable to a. If b/a is sufficiently large, then the Euclidean distance from 7 to 7
is comparable to b. Thus k2~! (71, 72) 2 b7~! /a. Also ma(Q;(11,72)) 2 ma(R) = ab,
J = 1,2 and so the desired inequality is an immediate consequence of Corollary 4.9.

5. STEINER SYMMETRIZATION

Pélya proved in 1948 [P6l] that the smallest positive eigenvalue for Laplace’s op-
erator, with Dirichlet boundary conditions, on a fixed domain €2, will never decrease
under Steiner symmetrization. This section is motivated by the corresponding ques-
tion for Neumann boundary conditions. Indeed, M3 () equals the reciprocal of the
smallest positive eigenvalue for the Neumann problem on . See [DeLi|, [Maz68],
§4.10 in [Maz85] and §4 of [Sta] for more on this connection. Hence, Pélya’s result
suggests that M,(2*) < M,(£2). We shall see in Example 5.2 that this is false.
There exists, for each p > 1, a p-Poincaré domain Q for which M,(Q*) = oo.
Thus, there exist domains for which the Neumann problem has a smallest positive
eigenvalue whereas the corresponding problem on the Steiner symmetrized domain
has arbitrarily small positive eigenvalues. Theorem 5.1 shows, however, that for b-
strips Steiner symmetrization has a controlled effect on M,,. For more information
on symmetrizations and eigenvalue problems in the theory of partial differential
equations we cite [Bae], [Kaw|, and the classical reference [P6Sz| which contain
many more references.

In this section we prove Theorem C in the following form.

Theorem 5.1. Suppose that §2 is a b-strip with M,(2) < co and let wy € 2. Then

DOV* m2(Q) D
ME(©) £ 5 S (M) + 7).
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Proof. Fix wg € Q. For w € Q, let w1 (w) be the projection of w onto the real axis.
Now it is geometrically obvious that

(1) da(w) < dox(mi(w))  (we Q)

because a disk centered on the real axis is a Steiner symmetric domain. Let v be
an arc in € from wq to wy. Denote by xg, x1 their real parts and let [xg, z1] be the
line segment in 2* with these endpoints. Assume for convenience that zo < x1. By
(1) we clearly have

. dx < |dw| < ds
Zo 59* (x)l/(p—l) - 59* (Wl(w))l/(pfl) - 5;2/(13*1)
2! 2!

and hence k, o« (20, 1) < kp o(wo, w1). It follows that

(2) Voo (20) < Vp.a(wo)

because if L, is the vertical crosscut of {2 corresponding to the real number x # x,
then mo(Q(L,)) = mao(QX*(LY)).

Let Af be the disk in ©* which is centered at xy and has radius dq-(z¢)/2. Since
O* is also a b-strip we can apply Theorem 3.5 along with Lemma 3.1 and (2) to
deduce that

mo (Q*>
M) S N 6. (A7) S Vp,o-(20) + bpm
(3) <V (o) 1 B ma(Q)
w — .
~ Vp,Q{%0 50 (wO)Q

On the other hand, Theorem 2.7 and Theorem 4.8 yield

mQ(Q)
‘/PyQ(wO) 5 KZLQ(/LU()) + bP 5 WMII;(Q> + bP.

Finally, (3) and the above combine to prove the theorem. [

Example 5.2. Given p > 1, we construct a bounded simply connected p-Poincaré
domain €2 whose Steiner symmetrization 2* is not a p-Poincaré domain.

Case 1. 1 <p<2:

The domain 2 will be obtained by stacking together infinitely many rescaled
versions of the domains Q(n,a), with n = 1,2,... and 0 < a < 1/n, which is
illustrated (along with its Steiner symmetrization) in Figure 1.

Each (n, a) consists of a left square room and n right narrow rectangular rooms
each joined to the left room by a passage of height a, except for the lowest right
room which opens fully to the left room and has height a. The domain {2 is obtained
as follows: Start off with a domain Q(n1,a1). Next, adjacent to the lowest right
room of (nq,a1), we adjoin a rescaling of {2(ns, as) by removing the left boundary
of this rescaled domain along with the right boundary of the lower right room of
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Q(n1,a1). The rescaled version of 2(ng, as) will have dimensions 1 x a;. In the
same fashion, we now adjoin to the lowest right room a rescaling of Q(ns, as) with
dimensions 1/2 x ajas. Continuing this process indefinitely will produce a bounded
domain 2 which depends on the sequences {a;} and {n;}. We now proceed to
show that these sequences can be chosen in such a way that M,(Q2) < oo while
M, (%) = 0.

A /: 1/n
a /V: 771/n
L Y: 1/n
! _ U
- | -——< " a
-«
| 1 | 1 \
Q (n,a)
na -
Q"(n,a)

FIGURE 1. The domain Q(n,a) and its Steiner symmetrization.

We first deal with 2. We decompose 2 into its intersections with the horizontal
strips determined by the partition of the vertical axis by the ordinates of the upper
and lower boundaries of all the right rooms obtained from the rescaled Q(n;,a;)
which comprise (2. We write

oo ni—1

2= U Qu

i=1 j=1

where for a given index 4, the domains €2; ; (1 < j < n;) correspond to the upper
n;_1 right rooms of the rescaled Q(n;, a;) part of €2, taken in any order.
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Let A; ; denote the disk in 2; ; with diameter equaling the height of €); ; and cen-
tered at the point h, ; with abscissa = 1/2 (we introduce the usual zy-coordinate
system with origin located at the lower left corner of 2). We let Qg denote the left

most room of Q, i.e., Qo = (0,1) x (0, 1). Now consider a function u € WP (Q) with
fQo u = 0. Choose a smooth “bump function” which satisfies: 0 < ¢(z) <1, p =1

on [1/3,2/3] and ¢ = 0 off [0, 1]. Write u = u3 + uz where u;(x,y) = ¢(x)u(z,y).
Since uq vanishes off Qg and on Q) it is dominated in absolute value by |u|, we

have
[l < [l <2430 [ 196P < [ 9P
Q Qo Qo Qo

Now consider ug. Since this function vanishes for 1/3 < x < 2/3 and hence on each

A; j, we have
/|u2|p— /\U2|p
< ZNPQ / |Vusg|P
< (SupNﬁ,Qi,j(Az’,j)l)S/|VU2|p-
Q

Also, using the normalization | u = 0 and the properties of ¢, we obtain:
Qo

/ Vual” S / (1= )|Vl + / uf? |
/ Val? + / ul”

< (14 MF(Qo)) [ [VulP < [ [Vul”.
[rs]

Combining these inequalities we obtain, for arbitrary u € W1?(Q),

Jlu—ual s [lu-uq,P < supdZg, (80)) [ [Ful
Q Q Q

and hence that M,(Q) < sup Ny o, (A4 ;).
Since each §); ; is a b-strip with b = A;, where A; = a;---a;1 < 1, from
Theorem 3.5 we may conclude that

4A;
Ny o, (Dij) S Vo, (hig) + Al —= TR S Vo, (hig) + 1.
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Now the domain €2; ; is a rectangle of approximate size 4 x A; with a narrow gap
of size A;y1 located 1/2°~! units to the left of its right-hand boundary. In order to
estimate V}, o, ,(hi;), it is easily seen that it suffices to consider only the vertical
crosscuts L., with abscissa z; corresponding to this narrow gap. Estimation with
the horizontal segment from h; ; to L,, gives

p—1
4 ° ot 1 1
(4) k%ﬁ(hi,j,in)s(—_ = ) Sat
P, Azl/(p 1) Aiia t1/(p—1) A; AHf

In addition, ma(2; ;(Ls,)) = A;/2"~" and hence

%yﬂi,j (hl j) S kggllu (hi7j7 Lmz) ’ m2(Qi7j (sz)>

R B
2 Aip 2
provided
o AlP=1)/(2=p)
e —Poyr— , [
(5) Ay = A7 72 O Git1 = SGhy )

We now pass to Q* and let L; be the vertical crosscut of Q* with abscissa x;.
Near x = x;, Q* is a rectangle of approximate dimensions 2/2°~1 x n;A; with a
narrow gap of size n;A; 11 at © = x;. Assuming (5), we clearly obtain

n;A; p—1
K (1/2,0), L) - ma(@* (L) 2 (/ m) e

iAip1
1 ) nzAz . npil
™~ (njAiqpq)?7P 2171 ’

and hence V), o+ = oo provided {n;} is unbounded. But it is straightforward that
there exists such a sequence with {a;} satisfying (5). Thus, M,(Q2*) = oo by
Theorem A and the case 1 < p < 2 is complete.

Case 2. p=2:
The construction is the same as case 1 except (5) will involve logarithms.
Case 3. p > 2:

There is a fundamental change in the k,-metric in this case because t—1/(e=1)
is integrable near the origin. This has as a consequence that M, remains bounded
for rectangular domains with a narrow gap no matter how small the gap. Thus, to
achieve the same sort of result we need several gaps.

The construction in this case is much the same as in case 1 except we use domains
2 (n,a) which are illustrated in Figure 2 above in place of the domains 2(n, a).

Note that €'(n,a) is obtained from Q(n,a) by adding gaps all of size a and
equally spaced apart a distance of 1/n in all of the top n — 1 right rooms. The
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main point is that no matter how much smaller a is than 1/n, the k, metric will
essentially ignore these slits in the nonsymmetrized domain 2. On the other hand,
the domain Q* will appear to have very long narrow corridors since dg« will be
nearly constant (and very small) on intervals of length 1/2°.

- T T 1 | — -
/I L L1 L1 __]j/n
I T 1 1 /
e e e e e SR
Y 1/n
L [ B 1 o
1
I 1 1 T 1 -
L L1 L1 771/n
N A __ <*— g
\
< >l »
\ \ | ’
1 | 1 Q (n,a)

FIGURE 2. The domain ©'(n,a) of Example 5.2.

6. THE CASE p = 1

In this section we explore to what extent our results about p-Poincaré domains
are valid for the case p = 1. The geometry of 1-Poincaré domains has been char-
acterized by Maz’ja in his book [Maz85] (see §3.1 and §3.2). For simply connected
planar domains, Maz’ja’s sufficiency condition has recently been simplified by two
of the authors, see [StaSt] and we now described these characterizations.

A crosscut « of §) separates 2 into two simply connected subdomains: €5 («)
and Qa(a) where ma(Q1(a)) < mo(Q)/2. We are primarily concerned with three
types of crosscuts; namely, general crosscuts «, segmental crosscuts o, i.e., those
crosscuts of €2 which are line segments, and hyperbolic geodesic crosscuts 7.

Theorem 6.1. (Maz’ja) A domain Q C C of finite area is a 1-Poincaré domain
if and only if

where the supremum is taken over all open subsets U C ) such that OU N2 is a dis-

joint union of C*°-curves and ma(U) < my(2)/2. Moreover, the above supremum
is comparable to My (S2).



POINCARE DOMAINS: GEOMETRY AND SYMMETRIZATION 31

Theorem 6.2 [StaSt]. Let $) be a simply connected domain in the plane with finite
area. If we let

Q
A = sup ma($h()) s« s an arbitrary crosscut of € 3,
A(e)
Q
G = sup{ 2/&(1;7—)) : T is a hyperbolic geodesic crosscut of Q} , and
T
Q
L = sup ma(§h(0) : 0 18 a segmental crosscut of ¢,
A(o)
then we have
(2) A~ G= L~ M(Q).

In Example 5.2 we constructed bounded p-Poincaré domains whose Steiner
symmetrizations failed to be p-Poincaré domains for each p > 1. Interestingly,
the restriction on p was necessary as the following stronger version of Theorem C
shows.

Theorem 6.3. If ) is any connected 1-Poincaré domain whose vertical cross
sections have lengths which are uniformly bounded by b > 0, then

M () S M (©) +b.

Proof. We let m; and 7o denote the projection operators on the z- and the y-axes
respectively. Suppose that € is as in the statement of the theorem. Observe that 2*
is simply connected and hence we can define £* to be the quantity in Theorem 6.2
corresponding to segmental crosscuts of the domain 2*. By Theorem 6.2, it suffices
to show that £* < M;(Q2) +b. To this end, let 0* be a segmental crosscut of Q*.
Firstly, suppose that the imaginary parts of the endpoints of ¢* are either both
positive or both negative or that the real part of one endpoint is either a or 3 (recall
our notation from the definition of centerlines). We then have two possibilities:
either Q1 (0*) is contained in the vertical strip determined by o* or else Q%(c*) is
contained in this strip. In the first case we have ma(Q%(c*)) < A(c*)b. Otherwise,

ma (2 (7)) < me(Q3(07)) < A(07)b.

In either case we have ma (5 (0*))/A(c*) < b.

Henceforth we assume that the imaginary parts of the endpoints of ¢* have
different signs and that the real parts are not a or 3. Write m(0*) = [a1,as).
Without loss of generality, we assume that m(Q3(c*)) C [a1,00). Let S be the
vertical cross section for 2 with m1(S) = {ag}. Clearly, since Q* is a Steiner
symmetric domain, A(S) < 2A(0*). If we define Q(S) = {w € Q : Rw > as} and
similarly define 2*(S*) then these sets have the same area and Q7 (c*) \ Q*(S*) is
contained in the vertical strip determined by o*. Consequently,

ma(Q5 (%)) _ ma(2%(S™)) _ 2\A\w9)) A A
Ao Ay T Ay TTEETA)
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Now observe that mo(€2(S)) < ma(2)/2 and hence by Theorem 6.1 we have
m(Q(S)) S Mi(Q)A(S).
Combining this with the above yields that

m2(Q7(c*))
T AoY) S Mi(2) +0b

so that £* < M1(£2) 4+ b and the proof is complete. [J
Now we prove an analog to Theorem A when p = 1. Of course, the k,-metric
which played such a prominent role when p > 1 is no longer defined. On the other

hand, there is a substitute for the quantity K, o(wo) which can be used when p = 1.
Following [SmSt90] we define

hi.q(w1,ws) = inf{sup : v path in © from w; to wsy}

wEy 6(2 (U))
and observe that -1
lim / _ds = sup X :
p—1 5;2/(13*1) weEYy 59 (w)

¥
Hence, it is natural to define

Ky o(wy) = Slip hi o(wo, T) - ma(Q(T))

where the supremum is taken over all hyperbolic geodesics T with wy ¢ 7. Similarly,
for a b-strip 2 we put

Vi,a(wo) = Slzp h1,o(wo, L) - ma(2(L))

where the supremum is taken over all vertical crosscuts L = €, with x # Ruwyg.
Finally, closely related to the above is the quantity

ma (1 (L))
Y =
S“p{ A(L)
Lemma 6.4. Let v be a hyperbolic geodesic containing the distinct points wg and

wy of Q. Let 71 be a hyperbolic geodesic of 2 which is nearly orthogonal v at wy.
Then we have

: L 1s a vertical crosscut of Q} .

(3) !
sup
wey(wo,w1) 59 (w)

~ hl(wo,’w1> ~ hl(wo,Tl).

Proof. 1If pa(wp,w1) < 1, then there is nothing to prove since dq(w) ~ dq(wy) for
w € y(wg,wy). Assume that po(wp,w;) > 1 and let w* be the point on 7 (wo, w1)
where dq is a minimum. We modify w* slightly so that do(w*) is comparable to
the minimum value and po(w*,w;) > 1. We can then find a hyperbolic geodesic
7* which is nearly orthogonal to v at w* for which A(7*) ~ dq(w™*).

By Lemma 2.3, 7* separates wgy from 7. Hence any curve from wg to 71 in €2
must intersect 7% and therefore hi(wg, 1) = do(w*)~t. The rest of the proof is
now immediate. U
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Theorem 6.5. Suppose that ) is a b-strip and v is a centerline for ) with wg € 7.
Then,

(1) Via(wo) S Kia(wo) + 0,
(11) Y < VLQ(U)O)/Q and
(iii) M1(92) SV +b.

Proof. To prove (i), let L be a vertical crosscut with wg ¢ L. We will assume that
L is to the right of wg. Let wy be the first intersection of v with L, starting at wy.
As before, let w* be a point on y(wp, w;) where dg is a minimum and 7* a nearly
orthogonal hyperbolic geodesic with length comparable to dq(w*). By definition

and Lemma 6.4 .

hLQ(U)O, L) SJ m ~ ]’LLQ(wO, 7—*)
and as argued earlier in the proof of Theorem 2.7, ma(Q(L)) < ma(Q(7*))+bdq (w*).
Combining these inequalities we obtain that

hLQ(wQ, L) . Tf@(Q(L)) 5 hLQ(wQ, T*> . mQ(Q(T*» + b S KLQ(wo> + b

which proves (i).
We again let L be a vertical crosscut with wy ¢ L. By definition, either 4 (L) =
Q(L) or else ma(Q21(L)) < mo(Q(L)). It is obvious that hy o(wo, L) > 2/A(L) and

hence
% < %hlyg(wo,L) -ma(Q(L)) < %VLQ(@U@

which proves (ii).
Finally, an argument similar to the proof of Theorem 6.3 shows that £ <V +b.
Hence, (iii) follows from this and Theorem 6.2. [

Theorem 6.6. If ) is a simply connected domain with finite area and wy € €,
then
mQ(Q)

da(wo)?

Mi(Q2) S Kio(wo) S My (€2).

Proof. Let T be a hyperbolic geodesic in Q with wg ¢ 7. It is immediate from
the definitions that ma(Q1(7)) < mo(Q(7)) and that A7)~ < hy q(wo, 7). Multi-
plying these inequalities and taking suprema yields that G < K; o(wo) and so by
Theorem 6.2 we have M;(Q2) < Kq.a(wo).

To prove the second inequality, we begin again with a hyperbolic geodesic 7 in
Q with wg ¢ 7. Let v be the hyperbolic geodesic containing wy which is orthogonal
to 7 and let w, be the point of intersection of these curves. Suppose first that
hi.0(wo, wr) < mo/da(wp), where mg ~ 1 will be specified below. Then inequality
(4.2) yields that

(4) hiq(wo, 7) - ma (7)) S

which is the required inequality.
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Next suppose that hq o (wo, w;) > mg/da(wy). We assume that mg was chosen so
that Lemma 2.2 (b) now implies that po(wo,w,) > 1. By Lemma 6.4 (and Lemma
2.2 again) there is a point w* € vy(wg, w,) with the property that po(w*,w,;) > 1
and hy o(wo, T) ~ do(w*)~1. Let 7* be a hyperbolic geodesic in { which is nearly
orthogonal to v at w* and has length comparable to do(w*). By Lemma 2.3 and
the above we have
_ < ma(Q7)) _ m2(Q(7))

(5) hio(wo, ) - ma((7)) S So(@r) ~ T A()
Now if mo(22(7*)) < mo(2)/2, then Q4(7*) = Q(7*) and so by Theorem 6.1 and
(5) we obtain

hLQ(wo, 7') . mg(Q(T)) 5 Ml(Q)

On the other hand, if this is not the case, then wy € Q4 (7). Since hy o (wo, w,) >
mo/da(wop), we have that dg(w*) is small compared to dq(wp). Thus Q4 (7*) con-
tains a disk of radius comparable to dq(wp) (centered at wg) and hence again by
Theorem 6.1 we have

ma () . ma(R2) ma(h(77)) o ma(Q)
. 7) - ma(@(r) S 52 < gras T < e
which proves the theorem. [

M ()

It is a fact that the class of p-Poincaré domains increases with p; see the Corollary
in §4.2 in [Maz85]. In particular, 1-Poincaré domains are p-Poincaré domains for
all p, 1 < p < oco. Surprisingly, there is a fairly general class of domains for which
the opposite relation is true.

Theorem 6.7. Let Q) be a b-strip containing the origin and which projects to the
interval (o, B). Suppose that A(Qy,) S A(;) whenever 0 <z <y < f ora<y<
<0 and|z—y| <1. If M,(Q) < 0o for some 1 < p < oo, then M1(f2) < oo.

Proof. Assume that M,(€2) < oo for some p, 1 < p < co. Hence V, o(0) < oo, by
Theorem A. We will show that V is finite, and then the theorem will follow from
Theorem 6.5.

Fix a vertical crosscut L corresponding to an z; which we assume without loss
of generality is positive. First consider the case that 8 < xy + 1. Then, by the
hypothesis on the cross sectional lengths of Q, mo(Q2(L)) < A(L), so that the ratio
used to define V is bounded be a constant comparable to 1.

Next we suppose that y = z; +1 < 3, and denote by L, the vertical crosscut
corresponding to y. Then any curve connecting L to L, has arc length at least 1,
and dg(w) S A(L) for w € Q with x < Rw < y by our assumptions on 2. Thus

1 _ _
i S kL, Ly) < kN0, Ly),

A(L)
and so
Ty S T T S 0.1 a0 41

This last term, by definition, is bounded by V, o(0) +1,s0 V SV, 0(0) +1 < o0
and the proof is complete.

The next example shows that the approximate monotone decrease in cross sec-
tional length of {2 was a necessary assumption in Theorem 6.7.



POINCARE DOMAINS: GEOMETRY AND SYMMETRIZATION 35

Example 6.8. Suppose that « > 1. Let 29 = 1 and z,, = z,—1 — 25_;/2 for
n=1,2,.... Then, x, — 0 and we define

Q=(0,2) x (—=1,1)\ U{(m,y)|x:xn and zi <|y| < 1}.

n=1

Then M,(Q2) < oo if and only if p > a.

Since (2 is a 2-strip, we may use Theorem A to see this. Let wg = (1,0) and note
that dq((z,0)) =z for 0 <z < 1. Suppose 1 <p<a+1and fixz, 0 <z < 1/2.
Let L = Q,, so that my(2(L)) = x and

1 p—1
dt
p—1 ) ~~ ~ pP—1—a

Thus k5~ (wo, L) - ma2(Q(L)) = 2P~ so Vpa(we) = oo and M,(Q) = oo if 1 <
p < a, while V), o(wp) < oo and Mp(2) < ccifa <p<a+1l Forp=1<a,
consideration of the crosscuts L,, = €, shows that ¥V = co and so M;(§2) = oo by
Theorems 6.5 and 6.6, while V and M; () are finite if p = 1 = a. The computation
for p > o+ 1 is similar and will be omitted.

Example 6.9. Let Q = {(z,9) | 0 < y < e ¥l —00 < 2 < oo}. Then, for
1 <p< oo, Mp(Q) < 0.

As noted above the class of p-Poincaré domains increases with p, and so it is
sufficient to prove M;(2) < oo. Let wy = (0,1/2), and note that Q is a 1-strip.
Thus, by Theorem 6.5, it is enough to show that V < co. To see this let z > 0 and
L=, Then A(L) =e™* = [* e "dt =my(Q (L)), and so ¥V = 1 and the proof
is complete.

Remark. In Example 4.10 it was shown that a p-Poincaré domain can not contain
arbitrarily long rectangular passages. The current example shows, however, that a
p-Poincaré domain can contain arbitrarily long rectangles. We also remark that the
demonstration that M,(€2) < oo in this example could have been based on Lemma
3.1 and Theorem 3.5.

We end this section with an example which shows the necessity of the bounded-
ness assumption in Theorem 6.3. The example is of a 1-Poincaré domain whose
Steiner symmetrization fails to be a p-Poincaré domain for all p > 1.
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D
ay >l a,
* | +¢a3
3/2
A,
e - ?8‘71}71/2

(0,0) a (1,0)

Fi1GURE 3. This domain {2 is a p-Poincaré domain for all p > 1, but its
Steiner symmetrization 2* is not a p-Poincaré domain for any p > 1.

Example 6.10. The domain (2 is illustrated in Figure 3, where the z- and y- axes
are determined by the location of the two points (0,0) and (1,0). The left most
boundary curve is given by —x = 27Y, y > 0, and the parameters a; shall be
specified presently.

Note that corresponding to each a;, 2 will have ¢ “elbows” of height and width
equaling one, and with thickness a;. To make the p-Poincaré inequalities fail on *
for all p will require no restrictions on the parameters. Since 2* contains rectangular
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passages of arbitrarily long lengths, this follows from Example 4.10 when p > 1 and
it is an immediate consequence of Theorem 6.1 for p = 1. Alternatively, this can
be seen directly by a simple computation using, for a given such (vertical) passage
P, the piecewise linear test function which is given by u(z,y) = y on P and is
constant on the two remaining complementary components to show that such a
domain cannot be a p-Poincaré domain for any p > 1.

To make Q2 a 1-Poincaré domain, we first of all must require that ) na, < oo,
to ensure that || < co. By Theorem 6.6, it suffices to show that L < co. Due to
the geometry of €2, the only segmental crosscuts o which need to be considered are
the horizontal crosscuts o; which protrude to the left of the y—axis at the lower
left bases of the first elbows associated with a; for ¢« > 2. For sufficiently large 1,
(0;) consists of all the elbows associated with a; for j > i together with the part
of Q to the left of the y—axis withy >1+24---+ (i — 1) = y;. Hence,

2(241(04)) Z]CL] /2 dt<Zja] + 27V,

Jj=i ' Jj=i

and A(o;) = 27%. Thus if the a; satisfy

Z]aj <27 /2

Jjzi
for all 7, then €2 will be a 1-Poincaré domain. For example one can take a; = 9~ /1.

7. BLD IMAGES OF b-STRIPS

In this section we extend our results on b-strips to domains that are bilipschitzian
images of them. The geometric definition of a b-strip is unstable under small bilip-
schitzian perturbations while, on the other hand, we observed in §4 that the bilip-
schitzian image a p-Poincaré domain will continue to be one. Thus it should be
expected that our main results extend to a broader class of domains. This extension
will be at the expense of the simple geometry of b-strips; it no longer will be as
routine to verify that a given domain satisfies the geometric hypotheses.

We say that a homeomorphism 7' : ' — € is a locally uniformly bilipschitz
mapping if, for any point in €', the restriction of T to a suitably small neighborhood
of that point is a bilipschitz mapping with constants independent of the point.
In this case we write Q ~ /. It is clear that an equivalent definition is that
A(T(n)) ~ A(n), for all rectifiable curves n C ©'. For this reason such a mapping
T is also called a bounded length distortion, or BLD mapping, see [V&i] and also
[Geh]. Observe that a BLD image of b-strip can be quite general. For example, an
unbounded b-strip can be mapped by a BLD homeomorphism to a domain spiraling
out to infinity.

We next collect some simple observations concerning these mappings.

Lemma 7.1. Suppose that Q = T(Q)), where T is a BLD mapping. Then
(a) do(T'(w')) ~ oo (w'), w'" € C;
(b) kpao(T(w), T(ws)) = kp.ar(wh, ws), wy, wy €
(c) ma(E) = mao(T(E)), E C Y a Borel set;

) My(2) ~ M,(€), 1 <p < 0.
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Proof. Part (a) is an obvious consequence of the definition of a BLD map, and (b)
follows immediately from (a). The Jacobian of a BLD mapping 7" is comparable to
1, and so (c) is clear. Since |V(uoT)| ~ |Vu| almost everywhere, for u € C(£'),
(d) is a consequence of the change of variables formula for Sobolev functions (see
§2.2 of [Zie]).

Since the definition of K, o/ (wy) involves the hyperbolic geometry of €’ and this
geometry is not preserved by a BLD mapping 7', it is not clear how this quantity
compares to K, o(T (w()) when Q ~ .

Theorem 7.2. Let Q and ) be simply connected planar domains with finite area.
Suppose that Q = T(QV), where T is a BLD mapping, and let w), € Q'. Then, for
1 <p < oo, Kpa(wp) = Kpa(T(w)).

Proof. Suppose first that 1 < p < co. Let wy = T(wy]), 0o = da(wy) and o) =
dar(wyy). Since 2 ~ ' is an equivalence relation, it is only necessary to prove that
Kpa(wo) S Kpa(wp). We start by establishing a basic lower bound for K.

By using the geometry of hyperbolic geodesics in the unit disk and conformal
invariance, we see that there is a fixed integer N and a collection of hyperbolic
geodesics 71, ..., Ty in Q' such that po/(w(, 7)) =1, for 1 <i < N, and

N
{w' € | po(wh,w') > 2} | (7).
=1

It follows that mo(Q') < me(UQ'(7/)) and, for 1 <i < N, kb= (wp, 7{) = (85)P 2.
Thus, we obtain the inequality

N
()7 2ma () S Y (60)P *ma( (7)) S Ky (wy)

=1

Suppose that 7 is a hyperbolic geodesic in Q2 with 0 < pq(wg, 7) < mg. Let v be
the hyperbolic geodesic in €2 containing wg which is orthogonal to 7 at a point w,.
Lemma 2.2 implies that there is a A > 1 for which

A(y(wo,w;)) S A5 and do(w) 2 X704

for all w € y(wo, w;). Hence, kb~ (wo, 7)-ma(Q(7)) S AP P2, (Q). Combining
this with parts (a) and (c) of Lemma 7.1 and the above, we have

k™ (wo, 7) - ma (7)) S AP ma ()
R AP (80)P 2 ma () S AP, o (wp) -

This reduces the proof to the consideration of hyperbolic geodesics 7 in 2 with
pa(wo, T) > mg, where myg is large.

Now let 7 = 74 be a hyperbolic geodesic in 2 with pq(wo, 74) > mg, where mg > 4
will be specified below. We must show that kb~"(wo, 74) - m2(Q(74)) S Kp,ar(w)-
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Again, let v be the hyperbolic geodesic in {2 containing the point wy which is
orthogonal to 74 at a point wy. Let w3 and we be the points on v(wg, wy) for which

IOQ(w37w4) =1 and pQ(w27w4) = 2.

By Lemma 2.3, there are disjoint hyperbolic geodesics 7o, 73 which are nearly
orthogonal to v at wsy, ws, satisfy A(7;) ~ dq(w;) and are also disjoint from 7.
Thus, Q(14) C Q(73) C Q(72) and wy ¢ Q(72). By Lemma 2.6 we have

kb= (wo, 74) - ma(Q(74)) S kL™ (wo, 73) - ma((73))
and we focus our attention on 73.

Now consider the images of these curves under the mapping 7-!. We label the
image curves ', 75, 74 and the points w(, wh, ws. We caution the reader that
these curves in ' are not hyperbolic geodesics but they are crosscuts and they do
partition Q' into six disjoint subregions. Moreover, by Lemma 7.1 the lengths of
these curves, the areas that they determine and the distances dq are all comparable
to the corresponding lengths, areas and distances in €.

Denote by ¢’ the hyperbolic geodesic in €' containing wj, and w4, and define w4
if necessary so that o’(w(, w¥) intersects 74 just at w4. Define w} € o’ (w(, w¥) by
the equation

p—1 p—1

ds ds
o () ()

o’ (wg,w) o’ (wi,wf
where 1/2 > € > 0 will be specified below. Let 7] be a hyperbolic geodesic of Q'
which is nearly orthogonal to ¢’ at the point w] and whose length is comparable
to 59/(11)/1)

Suppose that '(75) C Q/(7). Then, by the definition of w}, Lemma 7.1 and
Lemma 2.6 we see that

kD) (wo, 73) - ma(QU(7s)) & kD oy (wh, 75) - ma (€ (7))

p—1
ds
S W ‘m2(Q/(T{)>
/ 1 Q/
o’ (wl,wf
p—1
1 1 ds
o | [ e | @)
Q/
o’ (wl,w)
1

Q

_ 1
Ekg’Ql,(wé,T{) -ma(Q (7)) < zKp’Ql(wé)

which proves the theorem. Thus, it suffices to prove that there is an e sufficiently
small and mg sufficiently large so that 71 N 75 = 0.
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Suppose now that 71 N 75 # (). We first show that
(2) oy (w') < A(3)

for all w’ € o' (w],wy). Let w’ be such a point. By Lemma 2.2, we may as well
assume that po/(w],w’) > 1. Let 7/ be the hyperbolic geodesic through w’ which
is nearly orthogonal to ¢’ and has length comparable to dq/(w’). By Lemma 2.3,
7/ is disjoint from 7{. By assumption, there is a point w}] where the curve 77 first
intersects 74 starting at wj. We get a Jordan region using the curves 71 (wf, wy),
o' (wh,w¥) and 74(w}, wy). It follows from the Jordan curve theorem that 7/ must
intersect 74. In other words, the curve 74 intersects both hyperbolic geodesics 77, 7/
and hence (2) follows from Lemma 2.5.
Next we show the opposite inequality

(3) dor (w') = A(7') Z A(73)

for this same point by essentially the same argument. By Lemma 7.1 and Lemma 2.5
we know that any curve which intersects both 7 and 74 must have length greater
than a constant multiple of g (ws) ~ A(73). Thus, if 7" has this property then (3)
follows. In particular, this must be the case if w’ ¢ Q'(75) since we already know
that 7/ N 74 # 0.

Finally, suppose that w’ € Q'(75) and 7' N 75 = (. By our construction of the
curve o’ we know that w’' ¢ Q/(75). Moreover, w}, ¢ Q'(75) and hence there is
point w4 € o’ with the property that o’ (w4, w’) N7, = {w}}. Observe next that

o'(w',wh) N5 = (). For otherwise there would be a w4’ € 7 where o' (w’, w4) first

crosses 74. Then, the Jordan region in 2’ bounded by o’ (w4, w)") and 745 (wh, wl’)
would enclose part of 7/, thus preventing it from tending to a boundary point, which
is impossible.

Now let 2 € ~/(wh, ws) be the first intersection of this curve, starting at wsj,
with o/(wf,w}). Since wj belongs to both curves, such a point exists. Again we
obtain a Jordan region in Q; bounded by 74(wh, wY), o' (wh,z") and ~'(wh, 2’),
which encloses part of 7. Since 7/ must tend to the boundary of Q' there must be
a point z” € 7' N~/ (wh, z’"). By our construction, the distance to the boundary of
each point on +/(wj, w}) is comparable to dqo(ws). Thus, A(7") 2 dqo/(ws) and (3)
is proved.

By (2) and (3) we have that dq/ (w') &= A(75) for all w’ € o/ (w], wY). In addition,
the Gehring-Hayman theorem yields that A(o’(w],w%)) < A1) + A(75) = A(75)
since 71 N 74 # (). It follows that the quasihyperbolic distance in Q' between w/ and
w4 satisfies ko o/ (W], ws) < 1 and similarly with the hyperbolic metric.

Hence, by our assumption and Lemma 7.1 we obtain from the triangle inequality
that

mo < pa(wo, 73) S par (wh, wy)

< pQ’(w67 w/1> + pQ’(wllv wg) S pQ'(w67 wll) +1

so that pq/(w), w]) 2 mg. This last inequality requires that mg be sufficiently large
and we chose myg to satisfy this requirement. This insures that A(o’(w),w})) 2

Y
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dq(w}) and thus by (1), (2), (3) we have

p—1
Sy (wy)P~1 < ds
So(w)) ~| ) SyeD
o’ (wh,wy)
p—1
, /\p—1
. 1 ds < 669 (w]) 7
5 /(p—1) 5Q/(w’1)

o' (wlwy) Y
which is clearly impossible for e sufficiently small. This completes the proof in the
case p > 1.

The case p = 1 is proved by modifying the above argument as was done in §6
to prove Theorem 6.5. In particular, occurrences of kgfl should be replaced by
hyi. The only major change is that the two cases to consider are: hy q(wp,7) <
mod, ' or the opposite inequality. In the latter case we replace equation (1) with
hi.qr (wh, wh) = ehy g (W), wy), where e = mg'. O

The following result is an immediate consequence of Theorem A in the introduc-
tion and Theorem 7.2. (Recall that more is true for p = 1; see Theorem 6.6.)

Corollary 7.3. Suppose Q =~ Q', where ' is a b-strip, and let wg € Q). Then, for
1 <p<oo, My(Q) < oo if and only if Kpo(wy) < oo.

The results in this paper should be compared to those in [EvHar]. In that paper
Evans and Harris introduced generalized ridged domains and studied the Poincaré
inequality on such domains. In their work a generalized ridge plays a role analogous
to that of the centerline v in the proof of Theorem 3.5. We wish to emphasize,
however, that not all b-strips are generalized ridged domains. It can be shown, for
example, that the domain in Example 6.8 is not a generalized ridge domain, while
it clearly is a b-strip. On the other hand, generalized ridged domains are closely
related to b-strips. In particular, examples 6.1, 6.2 and 6.3 of [EvHar| are all b-
strips, and it is readily verified that their condition for the validity of the Poincaré
inequality on those domains is equivalent to the condition that K, o(wp) < co. It
seems likely that any generalized ridge domain is, in fact, a BLD image of a b-strip.
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